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Summary. — It is shown that the ordinary Schrodinger equation for a 

dynamical system Z may be replaced by a more general equation, which 

has the form of the Schrodinger equation of a quantized Bose field whose 

quanta are the systems Z. The linear wave functionals of the quantized 

field describe pure states of the system Z and the non linear wave 

functionals describe, in general, mixtures of states of Z. The representation 

in which the emission operators of the quantized Z field are diagonal 

plays a central role in the present formalism. It is shown that the eigen- 

functionals of the absorption operators of the quantized Z field can be 

used to obtain a new description of the states of a system 2, the 

expectation values of the field quantities in suitably chosen eigenstates 

of the emission operators coinciding with the expectation values of the 

corresponding quantities in the pure states of 2, but the fluctuations 

being larger in the former case. The eigenfunctionals of the absorption ' 
operators have the remarkable property of being matrix elements of the 

unity operator of the field formalism, and seem to be of a more fun- 

damental nature than the linear functionals which correspond to the 

ordinary description of the pure states by means of the wave functions” 
of 2. 


1. - Introduetion. 


In the ordinary form of the quantum mechanics, the states of a system 
are described by wave functions Y(t; x) depending on the time ¢ and variables «. 
The time evolution of the wave function is determined by the Schrédinger 
equation 

re) 
EEE th = PU; 2) PC) 
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H being the hamiltonian operator of the system &. For the sake of simpli- 
city we shall treat only the case of continuous variables x, so that the a will 
be coordinates of a point in a continuous space ©. The case, in which some or 
all of the x are discrete variables, can be treated in a similar way, with minor 
modifications. 

In general, we shall assume that the wave functions Y(x) are normalizable 


and normalized as usual: i |Y®de=1. These normalizable wave functions 
| 2 
may be considered as vectors of a Hilbert space, the y-space. The complex 


conjugate functions W*(x) are vectors of another Hilbert space, the y*-space. 
We have shown (!) that it is possible to describe the motion of the system & 
by means of the vectors of the Hilbert space dual to the y*-space, the x-space. 
The vectors of the y-space correspond to the continuous linear functionals 
x y*] defined in the y*-space: 

(2) vie | | W(x)y*(x) dx . 


Q 


It follows from (1) and (2) that the linear functionals y[y*] built with the 
solutions of (1) satisfy the equation. 


d 6 
2 = 5 ILES x gie * fh . * 
(3) in, Me ¥ ] = Kılt; y }= [dev («)H dy*(a) xt; p*], 
Lo] 


which was already given in reference (1). Equation (3) may be considered 
as the Schrédinger equation of the dual y-space. Equation (3) admits as 
solutions non linear functionals, which are no more equivalent to wave func- 
tions Y% It is preferable to consider (3) as the basic equation, instead of (1), 
because the functionals 7[y*] allow us to describe, in an effective non symbolic 
way, states of Z which can only be described by means of symbolic functions, 
such as the Dirae 6-function. It is well known from the Schwarz theory of 
distributions that, in order to avoid the use of symbolic functions, it is ne- 
cessary to use functionals. 

Once it is assumed that (3) is the fundamental equation of evolution, it 
becomes natural to consider also the non linear functionals which are solutions. 
In this paper we shall consider only the solutions of (3) which can be expanded 
in Volterra series: 


eee ak : 
(4) aly*] = x[0] + > ni [Her Ln) P* (Hy) P* (Gn) AX, ... À » 
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The Y,(t; x) are solutions of the equations. 


(5) ine VE TR) 2 Hayes; D) 

These equations have the same form as the ordinary Schrôdinger equations 
for assemblies of non interacting systems &. The Y, are symmetrical with 
respect to the n sets of variables x. 

The functionals (4) may be considered as vectors of a linear space which 
contains as a sub-space the dual of the y*-space. This extended y-space can 
be made into a Hilbert space by introducing the following definition of the 
inner product of two functionals 7: 


(6) LAN + S| (lesen Oo Messy Oe). dr 
2 


In the special case of linear functionals 


(6a) BES x) da , 


so that the inner product of two linear functionals coincides with the inner 
product of the corresponding wave functions Y. The definition of the inner 
product leads to a definition of the lengh V(y, 7) of a vector 7 and to the 
normalization condition: 


(7) Ge D= AO À Iran dy = 1. 
Q 


Equation (3) coincides with the Schrédinger equation of the second quan- 
tization of the systems 2, treated as bosons, in the representation in which 
the emission operators pe (a) are diagonal. From the commutation rules 


8) [y,,(#), via] = d@—2'), [v,@) y,@)] = [v5 @) ve] = 0, 


it follows that it is possible to diagonalize simultaneously all the px (a). They 
are satisfied by taking: 


6 


(9) Wop (4) = dp*(a) : 


The Schrödinger equation of the second quantization 


(10) > in |e Wee &)H wo, (& x) dae X» 
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has the same form as (3), in the representation in which the yp (a) are diagonal. 
The physical content of the second quantization equation of evolution and of 
equation (3) are nevertheless different, because the second quantization is a 
treatment of the many body problem whereas equation (3) corresponds to a 
single system 2. 

We have shown (?) that the second quantization can be used as a formalism 
for the statistical quantum mechanics of a system 2, treated as a quantum 
of the quantized field obtained by the second quantization of its Schrédinger 
equation. The Volterra series (4) becomes the Fock expansion in the second 
quantization and, by means of the functions Y,, it is possible to build a den- 
sity operator A(t) for a single system Z with the wave functional x[t; y*] of 
the second quantization: 


Le] 


(11) Ce Ret) |e tS | PCT ie EU Den de LEE 
n=1. 


2 


It can be seen that A(t) satisfies the von Neumann equation of motion of the 
density operators: 


(12) ih = R(t) =|H, R()]. 


In the case of a linear functional y of the type (2), we have 
(13) (et Bl) |) = Fee P(e: 7) 


and R(t) describes the same pure state as the wave function 7. Since our 
formalism for the motion of the system Z is the same as that of the second 
quantization, we can apply the same method of definition of density ope- 
rators A(t) to the solution of (3). Thus we get a possible. interpretation of the 
non linear solutions of (3) as describing, in general, mixtures of states of ZX. 

A non linear solution of (3) may sometimes correspond to a R(t) which 
describes a pure state of 2. Thus the denstiy matrix corresponding to the 
non linear. functional A[y*, ¥7] 


(14) Aly*, P]= exp | | y*(æ)P (x) da A 
Q 
is: 
(15) <a" Ra |a"y = Pe W*(e") [exp | [|W]? dz] —1)[|0|? de, 
. : 


(?) M. SCHÖNBERG: Nuovo Cimento, 10, 697 (1953). 
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It was shown in reference (1) that a normalized linear functional x defines 
a special kind of probability distribution of the rays of the y-space, in which 
a probability | z[y*]|?, with a normalized y, is assigned to the ray determined 
by the vector y. The ordinary interpretation rule of the quantum mechanics 
for discrete non degenerate eigenvalues was obtained by assuming that the 
probability of finding a value A’ of the physical quantity (A) in a measurement 
in the state of & described by the normalized linear functional y is given by 
the probability | y[y{]|* of the ray determined by the eigenfunction y,. We 
shall see in section 7 that the above result can be easily extended to dege- 
nerate discrete eigenvalues or to continuous eigenvalues, with suitable mo- 
difications. Thus the probability of obtaining a degenerate discrete value A’ 
is given by the probability of the linear manifold of the eigenvectors of A 
corresponding to the eigenvalue A’, the probability of a linear manifold being 
taken as the sum of the probabilities of the rays corresponding to a com- 
plete set of orthogonal vectors of the manifold. 

In the case of non linear functionals, there are difficulties in the introduction 
of a probability distribution by means of | y[y*]|?. The normalization of the 
vector y does not determine completely y, since there remains always an 
undetermined constant phase factor. The value of | y[y*]|? depends in ge- 
neral on the choice of the constant phase factor. Nevertheless in the case 
of the homogeneous functionals y,[y*] 


(16) van | = ll Lp) (0) 355) (Ln) der... OL ns 
no 

|x1LP*]}? does not depend on the choice of the constant phase factor in the 
normalized y. In the second quantization interpretation of the y-formalism, 
we are led to take |7[¥*]|? as the probability of finding the values Ÿ{(x) of 
the w,,(x), by applying to the non hermitian operators y,, the ordinary rule 
for the computation of expectation values. In this case there is no reason 
to take only normalized functions (x) and the value of |x[Y*]]® may be 
larger than 1. This point will be discussed in section 8. 

As long as we consider only linear functionals x, the replacement of the 
wave function (x) by the corresponding linear functional (2) may be con- 
sidered as a change of representation: 


a7) Av] = [pla Pt) de, — <p*|ay = y*a). 

2 
Notwithstanding the fact that now we have a transformation functional < y* | x), 
instead of the ordinary transformation functions, the change of representation 
defined by (17) has properties which correspond to those of the ordinary 
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changes of representation. In order to use the new representation, it is neces- 
sary to introduce an integration with respect to the functional variable y*. 
We shall take: 


(18) [ Ole)" zty"lay* = (xlv*), xTv*]), 


{y[p*]}* must be considered as a functional of the function y, instead of y*, 
in the same way as the complex conjugate of an analytic function f(z) of the 
complex variable z is an analytic function of 2*. We shall write: 


(19) Ly] ={ly7}* . 


In our integration with respect to w*, the integrated quantity is to be con- 
sidered as a functional of both y and y*, the integration being analogous to 
a contraction of an upper index with an equal lower index in the tensor 
calculus. Since 


(20) P(x) = (Cy*|æ), xLy*)) , 
we have: 

(21) Pa) = | <o| praty*)ay* , 
(22) <x| p> = {Cp*|a>}* = y(a) . 


We may say that the quantity (y) has the value y when the system Z is in | 
the state described by the wave function y, y being taken normalized. With 
this convention, the ordinary rule of interpretation of the transformation 
functions is still applicable: |<w*|x>|*dx is the probability of obtaining values 
of the (x) in the ranges x«—a + da, in the state in which the quantity (y) has the 
value y. 

In the representation in which the wave function of & becomes the linear 
functional y[y*], the physical quantity (A) of Y is described by the operator H 


? 5 x 
De = * CU */(, 
(23) A | doy" sary | de y* (x) Ay,,(0) , 
Q 2 
since we must have 
(24) Zee [Kyr |» AW) de = | ya) AY(x) de, 
a 2 


and it results from (23) that: 


(25) A Î y*(0)P (a) de = [ v*t) AP) dr. 
Q 


Q 
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A is the well known operator for the quantity (A) in the second quantization. 
Let us introduce the projection operator on the direction of the normalized 
vector p in the w-space: 


(26) pate) = pie) | p*(o'ypla!) dr . 


Q 


The x-operator corresponding to p, will be denoted by N,: 


(27) Ny = [Wr oP p(w) de = | y* (w)p(v) de [pre 90") da 

2 Oe a 
We have 
(27a) N,— 4a, , Op =| p*(x) yo, (2) dr, 

a 

and since 
(28) [a az | = | P* (x) p(x") [ Por(), ya(æ')] dx dx! = | Lod 1; 
the eigenvalues of N „are the non negative integers: 0, 1, 2,.... In the second 


quantization, N, is the operator for the number of systems 2 in the state y. 
The definition of a, can be applied even to a non normalized m and we have 
quite generally: 


(29) [a, ’ Oy’ | = fags a,” | = 0 ot [ap ay] = [o*@y'(a) de. 
Q 


The simplest of the operators A is the unity operator of the yw-space, the 
corresponding y-operator will be denoted by N: 


(30) Noy = | vin @)¥op(2) da 
Q 


N „is the operator for the total number of systems Z in the second quanti- 


op 


zation. Let the gy, be a complete set of orthonormal functions and the p, the 

corresponding projection operators: p, = p, . We shall denote the N, byN,. 
. 4 

Since 


(31) N Pi 1 , 
A 
we have: 


(32) NV, = >WN,. 
a 


es 
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It follows from the commutation rules (29) that the N, , are commutable, there- 
fore the eigenvalues of N, are the non negative integers. The linear func- 
tionals y are eigenfunctionals of N,, corresponding to the eigenvalue 1. More 
generally, the homogeneous functionals y, defined by (16) are eigenfunctionals 
of N, corresponding to the eigenvalue n: 


Ox Y* 
£ N .Ylv*] = | dx v* = nl we | - 
(33) op À Ly ] | “vw (2) Öyp*(&) nx [y ] 


2 


The operators A were derived from the A by the standard methods of the 
transformation theory, for linear functionals. In the case of non linear func- 
tionals, it is often convenient to describe the physical quantity (A) by an 
operator X, which we shall now define. Let us consider the projection 


nor 


operators of the eigenvalues of N: 

(34) N Pi =n gs, SP PE Li > Eee 
n=0 

The spectral decomposition of N, is: 


(35) N Ens 


(36) L= Sn P,, IN, =N L=1—P.. 


The operator X is: 


nor 


ee: 

= > a | ven see Pan) {An + oe + Ac PP (dise, Bn) À ++. Lp » 
ı Van!) 
(39) Ano: XLY*] = 

o y-1 
=> a | ve) Pan) {Ag + oe + Ag} Paldız., Un) da... dan . 

n=1 N 

Q 


It results from (38) and (39) that for any linear functional 7, we have 
Ay = Hee xi: > 


Zaren Sl 
Tg 
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We have seen that in the y-formalism the y behave as values of a physical 
quantity, even when only the linear functionals are considered. When the 
non linear functionals are taken into account, there are eigenfunctionals of 
the y,,(2) corresponding to the eigenvalues (x). Indeed, we have 


COR yolo)ACy, FI= 5S = Vo) Aty*, 7], 


y* (x) 


exp 


| wy* (x) V(x) da 


Q 


A being the functional defined by (14). We have seen that, with the R den- 
sity matrix interpretation of the y-formalism, the functional A[y*, 7] de- 
scribes the pure state of »' of wave function Ÿ. We shall see in section 8 
that, in the second quantization, A[y*, 7] with a normalized Y describes a 
state of the quantized y-field in which the expectation value of N, is 1, the 


12 
expectation value of N, being | | y* (x) P(x) da and that of any operator 
a 


being | P*@) AY) dx, i.e. the expectation value of A in the state YW of 2. 
2 


It follows from (14) and (18) that for any functional y[y*] we have: 
(41) xL9*] = [Aly*, Px] a . 


Equation (41) shows that any state y of the quantized w-field can be obtained 
by the superposition of states A[y*, 7] in which the yp, (7) have the values Y. 

The properties of the states of the quantized y-field described by the wave 
functionals Aly*, Y%] are discussed in section 8 The A[y*, 7] with nor- 
malized Y do not describe one quantum state, because A[y*, 7] is not an 
eigenfunctional of V,,, but the expectation values of both N, and N,.are 1. 
In the field state A[y*,'¥], the probabilities of the eigenvalues of N, are 
given by a Poisson law with average value equal to the expectation value 


| RATE of N, This expectation value of N, for a normalized Y coin- 


cides with the probability of the value 1 of p, in the 2-state 7. More gene- 
rally, the expectation value of X in the field state A[y*, 7] coincides with the 


expectation value [ Y*AYdx of the quantity (A) in the 2-state Y, for a nor- 
2 
malized Y. The probabilities of the eigenvalues of N,, are given by a Poisson 


law with an average value 1. The above results show that the state of the quan- 
tized w-field in which the y,,(æ) have the values W(x),i.e. the field state Aly*, 7], 
when Ÿ is normalized has an average behaviour coinciding with that of the Z-state 


Y or of the one quantum field state | W(x)y*(x)dx. 
2 
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The y-formalism for a single system 2 can be related to the theory of the 
quantized y-field. Thus the linear wave functional (2) coincides with the 
wave functional of the one quantum state of the y-field in which the quantum 2 
is in the state W. The relation is more complicated in the case of non linear 
functionals. It is discussed in section 9. The R density operator interpre- 
tation of the y-formalism amounts to consider only the field states without 
a vacuum part, ie. field states described by y[y*] such that x[0] = 0, and 
to represent the physical quantities (A) by the field operators 7... It is 
interesting to notice that the spectrum of X, is dense, with the possible 
exception of the eigenvalue 0 which may be isolated, and covers densely the 
interval between the minimum eigenvalue A,, and the maximum eigen- 
value A). of A. The interpretation of the y-formalism by means of the 
density operators R amounts to apply the y-field formalism to the compu- 
tation of the expectation values of the operators X, ,. This interpretation 
is consistent, but does not seem to be the most fundamental, because different 
wave functionals describe the same mixed or pure 2-state. It is shown in 
section 5 that any pure or mixed state of Z can be described by a quadratic 
functional y,[ p*]. 

It seems likely that the y-formalism for a single system X be a more complete 
theory than the ordinary form of the quantum mechanics. The different wave 
functionals which correspond to the same density operator R may describe dif- 
ferent conditions of the system X which appear as identical in the degree of approx- 
imation in which the deseription given by the ordinary quantum mechanics is 
correct. We may think that the ordinary description corresponds to some kind of 
time average over very small intervals of time, and perhaps over small regions of 
space also. With a higher degree of accuracy than is now experimentally possible, 
the description given by the present quantum mechanics may appear as incomplete, 
different physical conditions being lumped into a single quantum state. 

Although the y-formalism be applicable to any system, it seems likely that 
its true significance will appear in the cases in which the systems 2 are the 
elementary particles of the present quantum mechanics. In a more refined 
description, the present elementary particles will probably appear as complex 
structures which have an average behaviour of a particle, but whose detailed 
behaviour in very short intervals of time may be rather different from that 
of a particle. The functionals A[y*, Y] are obviously a more fundamental 
element of the y-formalism than the linear functionals and, with a norma- 
lized Ÿ, they describe quasi-one quantum states, which are quasi-particle states 
in the cases in which the system & is a particle of the ordinary quantum me- 
chanics. The expectation values of the operators Z in a state A[y*, ¥] coin- 
cide with the expectation values of the ordinary quantum mechanics, when X 
is normalized, but there is a considerable mean square deviation in a state 
Aly*, 7]. It seems reasonable to assume that the expectation values cor- 
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respond to some kind of time average of the instantaneous values and that 
the fluctuations correspond to deviations from the particle picture. The 
large fluctuations corresponding to the Poisson distributions for the values 
of N, and the N, are particularly remarkable. The spread of the values of 
the position variables would give rise to a kind of spatial extension of the point 
particles. 

The dense spectrum of the &,,, is also a remarkable property. It may 
indicate that the quantization of the values of the physical quantities arises 
from the averaging which introduces the particles. 

The representation of the second quantization in which the w* are dia- 
gonal was already discussed by Fock (?). In Fock’s treatment w*(x) is ex- 
panded in a series of orthonormal functions q* 


(42) p*(x) = > aj y}; 
À 


and the wave functional y[y*] is considered as a function of a countable infinity 
of complex variables a*. DIRAC (4) has developped the Fock treatment by 
introducing a definition of the inner product involving contour integration 
with respect to the complex variables a*. It is more convenient to define 
the inner product of two functions f,(2,..., 2-) and f.(2,,..., 2-) as follows: 


(43) CAC PACE 2,)) == 


+0 


= a [en GE sa) far + 2r) exp| — lal 


— © 


du. dede 


(44) Gr Rez. Bu — SMe, 


The above definition of the inner product can be easily extended to functions 
of a countable infinity of complex variables; it leads to the definition (6) of 
the inner product of two functionals and to a more general definition of the 
dy* integration than (18). Indeed we get from (4): 


(45) Ae Ay yD A oh ah, 


LE) 


1 
(46) Ap= 710], Aa va, = Wi (ie In) Qi, (1) + Gh, (&n) CUP oc OB 


(8) V. Fock: Zeits. f. Phys., 49, 339 (1928); Phys. Zeits. Sow. Un., 6, 428 (1934). 
(*) P. A. M. Dirac: Comm. Dublin Inst. f. Adv. Stud., A, 1 (1943). 
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By applying the definition (43) of the inner product extended to a countable 
infinity of complex variables we get: 


AT) (x)= ASA + D022 > A, Ar, = 


N=1 Ay 


= ¢*(0ly [0] + I | Fila. tn) Pl» Wn) dann. dan. 


n=1 


In the ordinary treatment of the second quantization, the N, are diagonalized 
and the wave functional becomes a function of the eigenvalues N; of the N,. 
In this representation the inner product of two functionals is taken as follows: 


(48) (0), 700) = A) 


We shall see in section 3 that this definition is also equivalent to (6). 

The replacement of the wave function Ÿ by a functional. y[y*] corresponds 
to a generalization of the field model and can also be applied to other field theories, 
to the classical electromagnetic theory for instance. The x-formalism is a technique 
for the treatment of non coherent fields, as well as of random fields, and it is not 
restricted to the quantum mechanics. The standard method of dealing with non 
coherent fields corresponds to the introduction of some kind of density matrix; 
the x-formalism has the advantage of giving a direct generalization of the field 
quantities, instead of the bilinear combinations of field quantities of the density 
matrix method. A general discussion of the generalization of the field theories. 
by means of functionals will be given elsewhere. 


2. — The y-formalism. 


Equation (41) shows that the functional A is the analogue of the Dirac 
ö-function in the theory of the functionals y: 


(49) A» 21 =k 1 7A pl = Are” 


It follows from (41) that: 


(50) [Aty*, PIALY*, par = ALy*, y]. 
Hence 
GD  JAtpt WAP* aps = A[p*, y]=exp| fluo], 


so that Afy*W]is normalizable, although non normalized. 


ALIZATION OF THE QUANTUM MECHANIOS is To = DIR 
"It results from (4 1) that | 
(52) is p*(x) AL y*, #1 ne DE = p*(2) yl y] = yo, (2) xy"); 


and by taking into account (40) we get: 


(53) i Al p*, Ya) yl") A+ = | Lits Aly*, fal eae — 


N 
+ 
oe 
4 
2 
4 
ir 


| = = | A[y*, PIAP*IdP*— ne APT = pe) xl *] - 
7 It follows from (52) and (53) that: 

| 69 rép > = ya) AL * (0) voll, 

(85). rt) pn) = ya) Alta), p"@)]- 

| Since 


# | 
1 (56) [I Ay, 71 | p*@AP(o) de} gf *] av" = 
Q 


= | vo) A, (e) de | Aly*, PhP] des = f Poole) Ay, (a) da zlp*] = Aylv*] ; 


Q Q 


we have: 


4 (57) <y'*|Z|y"> = ee Aly'*, v1|v x) Ay" (x ) dæ 
? Q 
Since | 
058). | Aly'*, YEAR, Alp, p'Tdy* = Ze A[y'*, y'] = 
‘ $A : ù 1% 11 (fe ie " 
Ze a LE ‚y']de = vista) dye See wh 


4 we have _ 
(59) CEA ‘A Av'*, vl{ Ay» Aly*, p'l}dy*, 


IE although Aly*, 7] is not a normalized functional. 
. aS 
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Let us introduce the unitary operator of evolution <U(t) of the y-formalism, 
i.e. the operator defined by the equations: 


du 
(60) ih = HA, uw) =1. 
We have: 

(61) xt; p*] = U)yz[0; p*] . 


The unitary operator of the motion of Z is defined by the equations: 


au _ 


(62) ih di 


HU) 00) 


The wave function of 2 at time ¢ corresponding to the wave function y(x) 
at the time 0 is p(t; +): 
(63) p(t; æ) = Ultyp(a),  yp(0; x) = ya). 


We have 


(64) hE Ayo), v's 2)] = Alyıa), ts Mm | p*(æ)p'(t; a)de = 


Q 
= A[y*(e), y'(t; æ)] | p*(a)Hy'(t; «) da = FA[y*(x), y(t; x)], 
2 
hence 


(65) A[yp*(a), y(t; x)] = u(t) Aly*, y], 


so that: 
(66) <y lau) |y) = ALy™(@), v's 2)] = exp | | v'*@) Uy") aa] . 
2 


In the Heisenberg representation of the y-formalism, the time independent 
operators X are replaced by the dependent ones X(t): 


(67) Rt) =AMWYRAU), HE RU) = [RUE] 


It is easily seen that y(t; x) has an equation of motion of the same form as 
the Schrodinger equation (1): 
(68) ih 


0 
Ot AE x) = Hy,,(t; x) ° 
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Hence we have: 


(69) Por (ts 2) = Ult)y.,(@), pts 2) = Up (x) . 


The y,, taken at different times do commute, and the px also: 


(70) Co ( (6; a), Pop (t! æ)] = =; 0, [yes ( (t; a) » pa (t! æ')] = = 0. 
Since 
(71) <p'*| w(t; 2) | p> = U(t)p, (x) ALy"*, y" = 


= U(t)y"(æ) Aly'*, y = y'G 2) Ay, y], 


the matrix elements of y,(t; x) satisfy the Schrödinger equation (1). We 
get from (71): 


(72) <p'*| Woolts 2) | p> = y(t; ©) exp | |p! Pda i 
Q 
This equation shows that the wave function Ÿ of 2 is the expectation value 


of ,,(¢; æ) taken in the condition of the y-formalism described by a functional 
ALy*, #1: 


(73) Wt; 2) = (ALy*, ¥] polls A, P])exp | [| P|? da] . 
Q 
This result follows of course immediately from the fact that y, («)4[p* ‚P]= 


x) Aly*, #1]. 
Let us consider now the operator L defined by (36). We have 


(74) Lays, 71-3 "| [Wera w( | prac), 
ey ecko 2 
(75) Fu) -/7 ee lop 0% 


Hi(u) being the exponential integral of u and C the Euler constant. We get 
from (74) and (37): 
p*(x)Ay' (x) dx 
(76) CPL | = = ravi {A[y*, y] —1}, 
exp Lf |p|? dæ]— 1 
m) <p" | Roce #) ol A ar 
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3. — The N-representation of the y-formalism. 


We shall now consider the representation of the y-formalism in which the 
operators N, for a complete orthonormal set of functions y, are diagonal. 
Instead of a wave functional y[y*], we have now a wave function (N, , N, ,...) 
depending on the eigenvalues of the N,. In this representation the inner 
product is defined by (48). The basic functions of this representation are 
the 6(N’, n). 


(78) O(N, n) = TT Oy, > 


a 


the n being non negative integers, since they are eigenfunctions of the N, and: 
(79a) > ö*(N', nm’) O(N’, n") = II Ö,7 ni? 

à" a 2 À 
(79b) 2 O*(N O(N", ze Oy’ % 


Let us introduce the functionals <N’|y) and <y*| ND: 


2 N = ILL NH | oF (opte) du} 
tok . 


It is easily seen that: 


(82) nae Ny) = 
== exp D (lex pla) dr)" fe (æ)p'(æ) ar) exp || v*@v'e) dar = Aw ol. 
Le] 2 2 


We have obviously: 
(83) <N’ | y= Ili (N, 1)-12 api} à 
à 


the a, being the complex conjugates of the coefficients in the expansion (42). 
By taking into account Be we get: 


(84) [er wer Im dut = TT dy 9, = 88”, m). 
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We get from (27) 


(85) N = | wh (o)palea) de | pi (ep te) de, 


le) a 


therefore the {y*}n) are eigenfunctionals of the N, corresponding to eigen- 
values n,: 


(86) NX y*|ny = 1, Cp* | . 


In (86), the n in <y*|n> are treated as indices, <y*|n> being considered as a 
wave functional in the w*-representation. 

In the application of the y-formalism to the second quantization, the wave 
functional y[y*] of a state of the quantized y-field is related to the wave 
function y(N’) of the same state by the equation: 


(87) ay] = 2 <v*| NOx). 


The geometrical meaning of (87) becomes clear by taking into account that 
<p*|N'> is an eigenfunctional of the N,: y[p*] is the component of the vector 
representing the state of the w-field in the direction of the eigenvector of the 
ys (a) corresponding to the eigenvalues w*(x), <y*|N’> the projection on the 
direction on that eigenvector of a normalized eigenvector of the N, corres- 
ponding to the eigenvalues N; and x(N’) the projection of the vector of the 
state on the direction of this eigenvector of the N’. It follows from (87) 
and (84) that: 


(88) 200) = | <N'|p> aly*]dy*. 


This equation shows that <N’|Y) must be an eigenfunction of the operators 
ya (x) which correspond to the w,(x) in the N-representation: 


(89) Yop aKN |) = Pla)<N'|P). 


Equation (89) can be easily checked by using the well known expression of 
Yop (#): 


monn! a 
(90) eee) aS p(x) V N, + 1 exp aN. | ; 
À À 


It results from (87) and (81) that: 


(91). Tv] = Ian )<N |. 


98 - Il Nuovo Cimento, 
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Hence 


(92) [rtwlztwrläpe= 3220") [| w<y* NN ay* = 
= Zr 


and thus the equivalence of the inner product definitions (6) and (48) is proven. 
Let us consider the spectral decomposition of the hermitian operator A 
with a discrete spectrum: 


(93) A= > Amen ’ 
Au 


p denoting the projection operator on the direction of the normalized eigen- 
function yx). It follows from (93) that the corresponding y-operator X 
can be written as follows 


(94) A=S>AN®, 


s, being the number of linearly independent eigenfunctions of the eigen- 
value A’: 


(95) No = | pa (@) pe Pop (a) da. 


2 


The eigenvalues of the N® are the non negative integers. Therefore the eigen- 
values of Z are all the linear combinations > n> A’ with integer non negative 


A’, a 


coefficients n®. It follows from (94), (37) and (36) that: 


(96) A. = DA ImPp,N®. 


A's œ n=1 


The eigenvalues of P„N® are 0,1,2,...,n. Therefore the eigenvalues or Z.. 
are linear combinations I r® A’, the r® being non negative rational numbers 


a',& 
smaller than 1. The r® cannot be chosen arbitrarily, because P,P, = 0, 
for nn‘. We can take 


MR) nl) Stee chen #3 102.050 370. Ve when 0 

PM een! A’, Oo A’, œ 
the I being non negative integers. The eigenvalues of A, cover densely the 
interval A, A‘ , the only eigenvalue of A. lying outside that interval being 
possibly 0, in case 0 does not belong to that interval. 
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It is easily seen that: 
(98) | Ly] ALp*, y']dy* = x*Ly’]. 


It follows from (88) and (98) that <N’|Y) is the wave function of the N-repre- 
sentation which corresponds to A[y*, 7]: 


(99) N =| CN'| p> Apr, Plays, 
<p*|n> is the wave functional which corresponds to 6(N’, n): 
(100) <p*|ny = > <y*|N 6, n) . 


We shall denote by x[N’; 7] the wave function which corresponds to the 
functional (2): 


a0) WY = [np | y*@) Pa) ae 


a 


By taking into account that 


(102) pa (2) = Y oi (a) VN, exp|— a | > 
A A 

we get: 

(103) IN’; P] = pn (a) (x) da O(N', 0). 


We shall denote by YN'; W,(x,,.., æ,)] the N’ wave function corresponding 
to the homogeneous functional (16): 


(104) KIND, A CBr a] = 
= = Le | y» { | Pate ps Pn )Y* (Wy) «+ P* (Gn) Az... AL, ! dy*. 
a Q 


The w* integration can be easily performed by applying (45) to the homo- 
geneous functional and using the expression (83) of <N'|y>: 


il * 
(105) ENE: Pula! tn) | ae Jn! D ies n) 3, (21) … Pa, (Ln) dr... ddr 7 


: 
Vet! 0. 8! Ons, ON ON pet, I Ons, 07 
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(Ua, Has, fn) denote the distinct numbers A in the sequence 4,,..., À, and : 
the s the frequency in that sequence of the corresponding w. 


4. — The general occupation number operators N,. 


Until now we considered only operators N, for a state m of 2 and the 
operator N,. Let M be any closed linear manifold of the Hilbert space of 
the y and p, the corresponding projection operator. p, transforms any 
vector y into its projection on M. The occupation number operator Vy of M 
is defined as the y-operator corresponding to p,: 


(106) Ny = | pole)pupop(w) da . 


Q 


Let the y®(x) be a complete orthonormal set of vectors for M. Since the 
projection of a vector on M is the sum of its projections on the directions of 
the y®, the projection operator 9, is the sum of the projection operators 9% 


M 
on the directions of the vectors y: 


(107) Pu = D Py - 
@ 
Hence 
(108) Ny= NP, NP =N;g:; 
e 


so that the occupation number operator NV, of the manifold M is the sum 
of the occupation number operators of any complete orthonormal set of vectors 
of M. N, is simply the occupation number operator of the entire y Hilbert 
space. 

To each discrete eigenvalue A’ of the operator of a physical quantity (4) 
corresponds a closed linear manifold M,,, whose basic ‘vectors are those cor- 
responding to a complete orthonormal set y® for the eigenvalue A’. We shall 
denote the projection operator of M,, by p, and the corresponding occupation 
number operator by V,. Equations (93) and (94) can be written as follows: 


(109) A= DA'p,, 


A’ 


(110) A = DS A'N, ar 
7 
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The general form of the spectral decomposition of a hermitian operator is: 


+ © 
(111) A= [ran (Ay. 


— © 


The H,(A) are projection operators on manifolds 977,(4). They satisfy the 


following equations: 


(112) E(—o)=0, E(o)=1, £,A+0)=£,(A), 
(113) E (A)E, (a") = E,(4")E,(') = EA), CEE 


In the case of a pure point spectrum we can take: 


(114) == apy 2% (A— A')p,, = 0(1— À), 


A'<À 


rage Apa Ore 
(115) O(a) = 
() ates le 


The occupation number operator of 977,(A) will be denoted by N,(A): 


(116) (A) = | p&(©)Bs (2. (0) de 


Q 


Equation (110) can be generalized as follows: 
(117) A =| Aan,(A). 


E,(a")— E,(4), '< 7, is the projection operator of a closed linear manifold 

QT ,(4', À"). In the case of a discrete spectrum 977, (4', a") is the linear mani- 
Ota whose basic vectors are the y for all the eigenvalues of A in the semi- 
closed interval (A', 2], i.e. for 4'< A'< A". 

A family of projection operators satisfying the conditions (112) and (113) 
is called a spectral series. To any spectral series corresponds a set of operators 
N(A) and there is a representation in which all the V (A) are diagonal, In this 
representation the wave function is actually a wave functional y[N’(A)], de- 
pending on a non decreasing function N’(A) with non negative integer values. 

Py is a non normalized density operator: 


(118) Ca py |e") an I. <a |p? |x") = aie > yo (a! yy *(a"), 
e 


(119) Trace py = > 0. 
(4 
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The states y® are equally probable in the mixture described by py. By | 
assigning different weights W, to the basic vectors of M we get a general 
density operator R, attached to the manifold M: 


(120) Ry > D W,>0. 
€ 


There is no restriction of generality in considering only density operators 
attached to the entire Hilbert space, since it suffices to give weights 0 to the 
basic vectors of the manifold orthogonal to M, in case M is not empty. Thus 
we shall take 


(121) R=>W,p,; W,>0 
A 


the p, being the projection operators of the functions of a complete orthonormal 
set @,. 

The equation of evolution of the density operator R(t) describing a mixed 
state of motion of 2 is the von Neumann equation (12). Let us introduce 
the y-operator N 


R(t) * 


(122) Na = | poole) B(t) yp, («) der. 
Q 
We have 
; sy, @ x 
(123) ih di Nw = | Yor(®) [#, R(t) | Yor (%) dx = [F, Naw], 
Q 


as a consequence of the equation: 


(124) [Boa Bip, (0) de = A, 2]. 


a 


Equation (124) follows immediately from the following equation 
1125) [y (dr | pote) (e) da’ = 
2 Q 


= (Yo AB y le) ya) de de! + | yi (ar) AB, (0) de, 
2 2 


the index + denoting the variable on which the operator acts, by taking into 
account that: 


(126) ABl = ©, 


a 
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Nx» is a density operator of the y-formalism, because it is hermitian, with 
positive eigenvalues, and its equation of evolution (123) has the form of a 
von Neumann equation of the y-formalism: 


(127) in À xt) = [26 AI U] = HR(t) HR” - 


We get from (127): 


(128) ROLL lu") = <y*r| RU) |v > —<y"™ | HR) | yd*. 


(129) <y'*| Rt (t)| p> ={ÆR(t YyAly'*, p"] = Fy’ Er ‘| Rit) a 


=| vv a <P RO (t)| p"> da , 


Q 
we have: 


(130) ih write > — 


a er Raw — 


The density operators & describe mixtures of states of the quantized 
y-field. They can also be applied to the one system x- -formalism as will be 
shown in a following paper. 


RE | y» Hy'(a| de. 


ow" æ) 


5. - The À density operators of the y-formalism. 


It is easily seen that the density operator R(t) defined by (11) can be 
expressed as follows: 


(131) <a’ | Rt) | 2") = (Kt; y*), ve (e")y,,(@ Eales y*)) - 

It results from (61) that 

(132) <a’ | R(t) |@"> = (210; y*], Uy (ep, UML AL05 y*]) ; 
since 


(133) [L, U(t)| =0, 
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as a consequence of the commutability of Æ and the projection operators P, 
of V,,. By taking into account (67) and (69) we get from (132): 


(134) <a'| R(t) |@"> = (x10; v*], vod; @)y,, (6; # )LyL0; y*]) = 
= (y,,(t5 @)7[ 0; p*], y(t; @)Lxl0; w*]) = 
= (U(t)y,,(@") x10; y*], TOy,@)Lxl0; p*]) . 


It follows from (134) and (62) that 


(135) ih cal | R(t) | @"> = (— Her Poo (t3 ©") 4103 p*], Poo (ts & )Lzl0; y*]) + 
+ (Wor (ts 22105 p*], Hop, (6; 2')Ly[0; p*]) = 
= (7103 w*], yo; "He Poo (ts @')Lyl0; p*]) — 
— (Lyn (t; Ha poo (ts ©")x[0; y*], 20; p*]) , 
and we get finally: 
(136) it Cal | R(t) |a"> = H,<x' | R(t) |e") — {HX a" | R(t) |a'd}* . 
Equation (136) is equivalent to (12). A(t) is a density operator, because it 
is hermitian and has only positive discrete eigenvalues, since Trace R(t) < co 


for a normalizable y, and 


(137) | P#x)R(OP(x) da = [+ a')<a"| R(t) |@"> Pla") dx’ dx" = 


Q 


Q 
= (da de re) Villen) dx > 0, 
n=1 2 
Q Q 


so that R(t) is a satisfactory density operator for a system I. 
It is interesting to remark that we can get any density operator of the 
form (121) from a quadratic functional. Indeed, by taking 
(138) Ya, %) = > V Ws), (2) ’ Y,=0 for n#2, 
À 


we get: 


(139) <æ'|R|æ"> = 2 Wg, (@' pf (&") . 
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We have 
(140) Trace R = (4, x) —|% |? 


thereby R will in general not be a normalized density operator, for a normalized 
%, but it will be normalized in the important case of Y% = 0. 

It is well known that the expectation value of a physical quantity (A) in 
the mixed state of Z described by the normalized density operator R is the 
Trace of AR. We have 


(141) Au) = (2 | PS) Aan @) de Ly) = 
Le] 


=e (xe [yat | A 1a">p. (a) da’ dar" Ly) = 
2 


= Î dx’ dæ"<æ'|A|x">(%; vola)pn(@")Lx) = 


2 
= [ de’ dæ"<æ'|A|x"><a"|R|x"», 
Q 


hence: 


(142) (1, A,.x) = Trace (AR). 


nor 


Thereby the expectation value of (A) in the mixed state described by R is 
given by the y expectation value (7, ZX) divided by 1—|%,|?, for a nor- 
malized y. 

Let us consider now a wave functional y(t) in whose Volterra expansion (4) 
there are terms with n>r, r being a positive integer. With that functional 
y(t) we can build a r-system density operator R,: 


HOT sr Re eee 


r 


= 

= (zit; pt], ya) pe), @,) … Pop (@)aLesy"]) = 

= (410; pr], vi; a) PE (ts Ay) p (6: @,)xL05 p*]) - 
We may write 


(144) Cit en a Dee — 
= (y, (65 27) ep (65 xl; vr, v6) Pools 2) 2105 y*]) = 
= (U(th Up, (2) +++ PR 93 vr) T(t), eee T(t), Pop CARS Pop CAT CIE ME 
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therefore: 


. 0 [A LA u I 
(145) iA à (Eire RAD ee Oe 
= (Hy +. + Hy!) yey % | R(t) | yo.) 0 > — 


r 


(Eee Hy) (aies De | At) io te 


This equation shows that the hermitian operator R,(t) is a solution of the von 
Neumann equation for an assembly of r non interacting systems 2. By a 
reasoning similar to that applied to R(t), it is seen that the eigenvalues of R,(t) 
are non negative. R,(t) is therefore a density operator for an assembly of r 
non interacting systems 2. 

It is interesting to remark that with a functional y[t, y*] it is sometimes 
possible to build a solution of the Schrôdinger equation (1): 


(146) W(t; @) = (aft; y*], v,,(@) xt; vr) = (710; v*], y. (65 dr; w*]) - 


Any density operator R of the system 2 can be obtained in an infinite 
number of different ways from functionals y. In order to obtain the density 
operator of (139) by means of a homogeneous functional of the type (16), it 
suffices to take 


(147) layer Ln) — > VW, (ti) oS Pa(an) ’ 
À 


since the operator R‘” associated to a y, has the matrix elements: 


(143) <ol> = [re Dole) ag Te ee) UTC - 
2 


In particular the homogeneous functional y, whose Y, is 
(149) (Dig. Ln) = (162) tee P(®n) ’ 


corresponds to a density operator describing the pure state of wave function @. 
The density operator corresponding to the functional whose Ÿ, are 


(150) ml Vn Sele Weta eee oe ee LOLs tan 
is the operator (139). It is interesting to remark that each term in the expansion 


of the type (4) of the functional defined by (150) has a density matrix describing 
a pure state. 


A STATISTICAL GENERALIZATION OF THE QUANTUM MECHANICS - I 1525 


In the particular case of normalized functionals y with Y% = 0, the cor- 
responding operators R have trace 1. Thereby Trace (AR) is the expectation 
value of the quantity (A) in the mixed state described by R. By taking into 
account (142), we see that the field expectation value (y, &,,,7) of &,,, coin- 
cides with that expectation value of (4). Since the nor y-operator which 
corresponds to the projection operator p,, is DN, , as shown by (106), the 
probability of obtaining the value A’ in a measurement of (A) in the mixed 
state described by the R corresponding to yx is (y, LN, y): 


(151) Trace (PR) = ( LN 4); (Cx) =; Po = 0) 


6. — Description of mixtures of states of & by functionals y. 


The results of section 5 show that it is possible to describe the mixtures of 
states of X, as well as the pure states, by means of functionals y. It suffices 
to take the R operators attached to y as describing the mixtures and pure states 
of &. In this description of the states of 2, it is convenient to consider only 
normalized functionals with Y%—0. With this choice of the y the physical 
quantity will be described by the operator &,,,, provided the spectral de- 
composition of X, be replaced by the following decomposition: 


(152) A,,, = A'LNy. 
“ 


Equation (152) is a consequence of (110). Thus the probability of obtaining 
the value A’ of the quantity (A) in the mixed state described by x is given 
by the expectation value (7, LN 4/7), as was shown in section 5. This cor- 
responds to the ordinary rule for the computation of the probability of obtaining 
the value A’ of (A) in the pure state of Z described by the normalized wave 


function Y, that probability being the expectation value | D GE fire 
2 
Now both the pure and mixed states of Z are described by functionals x 


i.e. correspond to pure states of the y-formalism, and the projection opera- 
tor py is replaced by LN,.. 

The above interpretation of the y-formalism by means of the functionals R 
corresponds to a probability distribution in the y-space, in which probabi- 
lities are assigned to linear manifolds. Indeed, let us assign to the linear 
manifolds M the probabilities D[ M]: 


(153) PM) = (x LN ux), (Go 2) = L Po = 0). 
Let M, and M, be two orthogonal linear manifolds. Since 


(154) Put, = Po, ae Pu,» 
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we have: 
(155) Nut, == Ny, = Nu, 0 


This equation shows that two orthogonal manifolds correspond to exclusive 
events: 


(156) DIM + M] = DIM] = DIM] : 
The probability of the total Hilbert space S is 1 
(157) PIS] = (x: EN, x) =1, 


since LN x = x,. because Y, — 0. We get the above rule of interpretation 
by assuming that the probability of obtaining a value A’ of the quantity (A) 
in a measurement performed in the mixed state described by x coincides with 
the probability of the manifold M,, in the probability distribution asso- 
ciated to 7. | 

In the case of the general spectrum we must introduce the linear manifolds 
QT, (À, 2") of section 4. The probability of 977,(1', 2”) 


(158) DIM, (X', A")] = (x L{N A) — WA} y) ; 


coincides with that of obtaining a value A of (A) in the semi-closed interval 
(AA AA Are 

Let us consider the particular case of a linear functional (2). The 
density operator R describes now a pure state, as shown by (13), precisely 
the pure state Y. The probability of the ray defined by the normalized vector 


pis |xlp*]|?: 


(159) Go EN.) = Go Nox) = | [ P@lp*a) de | = | pl. 
a 


Therefore in the case of a linear functional the probability of the ray œ 
coincides with the probability of the normalized function @ according to the 
probability distribution of the wave functions corresponding to ka a 
this case |x[y*]|? does not depend on the choice of the constant phase factor 
in the normalization of g. 

We shall now introduce a functional A[y*, X] which differs slightly from 
Aly*, 7] 


(160) Aly*, P] = (1— P,) Aly*, ¥] = Aly*, P]—1, 


(161) Av y] =<p"|1 — Poly = Cp SP y». 
n=1 | 
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We have obviously 


(162) [ Aty*, v'lzty"*) dy'* = yly*]—%, 


in particular 

(163) (Aly*, 71, Apr, 1) = ALP, #) = exp | IP dr] —1. 
2 

It is easily seen that: 


(164) a) ALp*, 7] = »,,(@) A p*, P]= Y@){4[y*, 41}, 


(165) AA y*, Y= AA y*, VY] = ALy*, P]| p*aAVae, 
2 

(166) LAly*, #]= LA[y*, 7], 

(167) Ge Ay 2 AA |= ar AD, 9]: 


It follows from (167) and (76) that: 


fy*Ay' dr 


2 


168 Aly*, y] = <y* D = Apt, pl ; 
(168) Ar Aly*, PIE Pl Anal p> = Alp Merz 


In particular we have: 
(169) A, Alp, Yul = A’ Ay pl. 


Therefore A[y*, Y,/] is an eigenfunctional of Z,,, corresponding to the eigen- 
value A’. 
It results from (168), with a normalized Y, that 


it = = 1 
(170) tdi P], FAT, zZ) = | {An A[Y*; Puan = furavar 
Q 


and by taking A= py we get: 


(171) — (y, y], LN„Aly*, Ÿ]) 2) P*p,Ÿ da. 


Q 


Therefore the probability distributions corresponding to (1/V e— 1)A[y*, 7] 
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and to | y*W dx are the same. It is interesting to notice that | vr py de 
2 2 


is also an eigenfunctional of X, corresponding to the eigenvalue A’: 


or 


(172) A,fyryrde= | ype da = | yptApede = A | prys da. 
| \ 


2 Q 2 


The correspondence between the normalized wave functions Y of Z and the 
functionals A[y*, X] has the remarkable property of conserving the ortho- 
gonality. Indeed we have: 


(173) (ALp*, YI], ALy*, Y]) = AY, %] = exp | (age da) ee 
2 


In the correspondence between wave functions (x) and linear functionals 


| y*Pdx not only the orthogonality but the inner products themselves are 
Q cr 


conserved, as shown by (6a). [vr de is an eigenfunctional of N, and of 
à 
N, corresponding to the eigenvalue 1, as shown by (33) and the following 


equation: 


(174) Ny | pr de Ze 


= | va) P (a) de i Pre )y,, (ae!) de’ [pre P(e") da" = Jr de. 
ô é 


On the other hand, in the case of A, N,, and N, do not have definite values, 
but their expectation values are e/(e— 1), with a normalized W: 


75) (Ay, F9 Na Avr #1) = (ALys, #1, Aly, 71 JE da) = 


e 
== il 


= + 4, y i PY dn = 
== 1 e 
2 


il a EL 
(76) —— (Aly*, P], NeAlp*, #1) = 


| 


Sn =| iv" 21 [won un x') da’ Aly*, v) ss; 
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We have however, 


al 
e— 1 


(Aty*, 91, EN, Apt, 1) = (Ave, 9), EN, Apt, WT) =1, 


WY being normalized. 

The quantal superposition of states arises from an interesting property 
of the probability distribution of the linear manifolds in the Hilbert space. 
Let us consider the probability of the ray Y in the distribution corresponding 


to 1 wre de: 
2 
(178) (vw, Ny | y*P ae) (| Yaa, | y*¥ aa) == jl 
Q Q 2 a 


The probability of the ray corresponding to a function 7’, which is not ortho- 


gonal to W, in the same distribution is | | W*W’ dw r 


Le) 


(179) di ce Wf yeaa) = 


= | [pp ae, [ pee da) [PP de = | [wee da i ; 
2 Q Q Q 
since: 
Nr fera = | vi oP" (@) dw | PH) po (27) dar! [wa Pla”) de — 
Q ./ 


J . 


A Q 


FAT) Pla’) da’ | y*(a)P" (a) dx . 


Q 2 


7. — Diseussion of the linear functionals y. 


We have seen in section 1 that the passage from the wave function (x) 


to the corresponding linear functional i v*Pdx and the inverse passage can 
a 


be performed by means of the complex conjugated transformation functionals 
{y*|æ> and <x|y> respectively 


(17) xLv*) = | <v*|o)P(x) dx, 


2 


(21) Wa) = [<a y> xLv*]dw*, 
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with <p*|x> = y*(@). The situation is different from that of the ordinary . 
transformation theory, because we do not have operators for the quantities 
(y(x)) in the x-representation. The analogy with the ordinary transformation 
theory suggests that (y*|x’) be the eigenfunctional of the operators of the 
quantities (x), corresponding to the eigenvalues x’. This is indeed true, since 
by taking Y(x) = 6(a— x') in (17) we get: 


(181) Cole» = [ <y*|@> d(@—a')ae. 
Q 


The above analogy suggests that (æ|y'> be the eigenfunction of the operators 
for the quantities (y(x')) in the x-representation, corresponding to the eigen- 
values y'(z'). This requirement cannot be fulfilled because we do not have 
operators for the (y(x')) in the x-representation. 

We have seen in section 1 that the ordinary rule of interpretation of the 
transformation functions can be applied to the (y*|a), |{y*|æ>|?dæ being 
the probability of finding values of the «x in the ranges 2-2 + dx, when 
the quantities (y(x’)) have the values y(a’), if it is assumed that the quan- 
tities (y(x')) have the values y(a#’) when 2 is in the state described by the 
normalized wave function y . The application of the above interpretation 
rule requires, of course, that the quantities (y(x’)) take only the values of 
normalized functions (x). 

Let us consider now the wave function ®(A') in a representation in which 
the complete set of commutable variables (A) is diagonal: 


(182) D(A!) = [<A |) la) de , 


a 


(183) We) = [ <a| AND (4') aA’. 


The integration with respect to the A’ becomes a sum in the cases of discrete 
spectra of the A. Let us write: 


(184) g(A') = | <A'|x>y(a) de. 


a 


We have obviously 


(185) A v*] = [ We)y*(a) da = | P(A np A) dA’ 


a a 


hence: 


(186) <p*|A'> = p*(4”). 
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Let us assume that the A have discrete spectra. The interpretation rule of 
the transformation theory shows that |<p*|A'>|? is the probability of the 
values y*(x) of the quantities (y*(x)) when the A have the values la’. Since 


(187) pr | A’ =| p*(a)<a| A’) dx ( {[<#|4’>[P = Fe 
Le] 


{y*|A'> is the linear functional which corresponds to (x) =<x|A'). The 
above result shows that the interpretation rule of the transformation theory 
leads to the following interpretation rule for the linear functionals: |x[y*]|? 
is the probability of the state of X described by the normalized wave function y*, 
xl p*] being normalized. Thus we obtained from the transformation theory the 
probability distribution of the rays in the y Hilbert space discussed in section 6. 

The theory of the linear functionals x must be physically equivalent to 
the ordinary form of the quantum mechanics. There is however one thing 
which appers in a somewhat different form: the transition probabilities. In 
the ordinary formulation of the quantum mechanics there are no true transition 
probabilities from an initial state to the possible states at a later time. Thus 
the transition probability from the state y, at the time ¢, to the state y, at 
the time ¢ must be taken as the probability of obtaining the values A’ in a 
measurement performed at the time {. There will be an effective transition 
only when the measurement is effectively performed, otherwise the system 
will be in the state U(t)y). In the y-formalism there is a true transition 
probability, because probabilities are assigned to all the states at any instant 
of time, the transition probability from the state y, to the state y, being the 
probability of p, at the time ¢ in the spontaneous evolution corresponding 
to 2105; y*]= | p*yda, ie. to | 70; pé]l—1. Since zit; pi] | vEUO yoda, 


2 2 
the transition probability has the correct value: | [ pr (t)yo de)”. 
8 


There is no difficulty in extending the linear y-formalism to the case of 
eigenfunctions y, of the continuous spectrum of a hermitian operator A. 
We shall assume that the y,(x) are normalized as follows: 


(188) [ vb @)pe@)de = 8(4— A"). 
2 


|x[v,]l? 44’ gives the probability of the states y, with « between A’ and 
A'+dA’. 
We shall now consider the functional x[y*; x] 


(189) dv a] = | Pa(a)p*(a) de, 


2 
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the functions Y,(x) being normalized as the y,,: 


(190) | D (a) (x) dx = (x — ax") . 


Now |x[y*; x]? allows only to compute relative probabilities of different 
states y*. An important case is that of W(x) = Ô(æ— x). In this case 
yy*, «] = y*(x), so that the probability of a y is proportional to | y(«)|?. 


8. — Second quantization interpretation of the functionals y. 


The second quantization of the Schrédinger equation (1) leads to the in- 
troduction of a quantized y-field whose quanta are systems 2. Our y-formalism 
is mathematically the same as the second quantization formalism for non 
interacting systems Z treated as bosons, because of the sign minus in the 
commutation rules (8). The pure state of the system 2 described by the 
wave function (x) corresponds to the state of the quantized y-field in which 
there is a single quantum 2, the quantum being in the Z-state 7. This state 


of the field is described by the linear functional [ P(ayp*(e) de: 
2 


The linear functional (2) obtained from the wave function Ÿ, by going over 
to the dual of the y*-space, coincides with the wave functional of the state of the 
quantized y-field in which there is a single quantum &, the quantum being in the 
Z-state P. 

We shall consider now the state of the quantized y-field in which the y, (x) 
have the eigenvalues /(x), i.e. the field state described by the wave functional 
A[y*, P1].- Since 


el 
(191) Av, PJ =—1 +5 os [ve … U (Ln) DO" (1). O(n) dr, dr. 
n=1 ‘à 
we may write 


œ i ifs n/2 
(192) Aw 7-14 3 | | Pol) nly #7, 
en 


the y,[ y*, 7] being normalized eigenfunctionals of N: 


193) z,[v*, = (| sde) "War... Hay). PPL) den de, 
nN. 
Q Q 


De a 
Den 
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X y*, 7] describes a n quantum state of the y-field, in which all the n quanta 
are in the 2-state 7. It follows from (192) that the probability of finding n 
quanta in the field-state{A[y*, 7] is (1/n!) exp 2 | (Pra (| 171240)", ie: 
the probabilities of the n are given by a on law of average value 
Î (W?dx. This average value is simply the expectation value of N, in the 
Q 


state A[w*, 7]: 


194) exp | | |Wi°de](Ay*, 71, NAy*, YI) = 


Q 


= exp | [le 2 del (Aty*, #1, | v*( a) Pa a) de ATy*, #]) = 


Q Q 


= exp |— lbeper] [virus ale Sr 


In the particular case of a normalized Y, the expectation value of N, is 
simply 1. The expectation value of the ue of a in the 2-state 
described by the normalized wave function (x) is | J P(x)p*(x) dx |?: 


(195) exp fi Wedel (Afy*, 7], N, Aly*, YJ) = 


2 


= exp | — [Fa (Aus #2, | [vie (ner) 2") Por (® (') da! ALy*, P]) = 


2 


= exp |— | ¥ [Pda] | p*(@ Wo’) de’ (Aw ‚21, | yh (opte) de ALy*, 77) = 


When Ÿ is normalized, the expectation value of N „ coincides with the proba- 
bility of the value 1 of p, in the Z-state Y. It follows from (195) that the 
expectation value of N, in the field-state A[y*, 7] coincides with that 
Ole Nien 


(196) exp |— fIPras] (Aly, 7], Ny, Aly*, YI) = Rz ed, 
2 Q 


(196a) D (x) = (eo) / | ji FAURE 
ÿ Q 
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Equation (99) shows that <N 'P) is the wave function of the N’ repre- | 
sentation which corresponds to A[y*, 7]. It follows from (80) that the pro- 
bability of finding N, quanta Z in the Z-state y, in the field state A[p*, Y] is: 


(197) exp [— []¥|da] Zur Kara N 


2 (2 


= (N;!)2 | | frptaa exp | —| f#ptao |} : 
2 a 


Therefore the probability of finding n quanta Z in the 2-state p is given by 
a Poisson distribution of average value (A[y*, 7], N,A[y*, 1) exp = [war : 


(198) mi gra" exp | | [¥erae]"| = 
= (nif (Alp, 7, N, Apt, #9) exp |— ||P rae] |” 


- exp (Au N,A[v*, ¥]) exp |— [irre] | 


2 


The functional A[y*, Ÿ] defined by (160) describes a state of the quantized 
y-field formed by the superposition of the states 7,[y*, 7], without a vacuum 
part: 


(199) Aly*, P] = > 


œ 1 (| n/2 
(fi de) cet #1: 
n=1 Vn! FA 


In the state A[y*, ¥] the probability of finding n quanta & in the field is given 
by a modified Poisson law COSTA ON | exp | —/\¥|242)| — 1 fx 
2 


Equation (195) shows that the expectation value of the number of quanta 2 
in the 2-state y, when the y-field is in the state A[y*, 7] with a normalized Y, 
coincides with the probability of obtaining the value 1 of the operator p, in 
a measurement performed on a system 2 in the Z-state Y. More generally, 
the expectation value of any operator Z in the field state A[y*, 7] coincides 
with the expectation value of the quantity (A) in Z-state X, provided Ÿ is 
normalized, as shown by (58) and (51). The above results show that the 
average behaviour of the y-field in the state A[y*, 7], with a normalized W, 
is the same as that of a system 2 in the state 7. When Y is not normalized, 
the average behaviour of the field is the same as that of an assembly of 


[ira systems 2 all in the state Y. 
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The wave functionals which satisfy (3) form a ring, more precisely a vector 
ring, because both the sum and the product of two solutions of (3) are solu- 
tions of (3). More generally let f(u) be a holomorphic function of the complex 
variable u, we have: 


(200)  Æf(xlt; = | da p*(x)H nn) f xt; y*)) = 


2 


= f(ılt; v*1) [dr y*(@)H a alt: y*) = f(a; p*)) xt; v*]. 


2 


f! denoting the derivative of f. When 7[t; y*] is a solution of (3) we have: 


(201) ib © Halts wl) = rate PT). 


It follows from this theorem that A[y*, Y(t; x)] is a solution of (3). It is 
easily seen that any holomorphic function of s solutions lt; p*],...5 
x(t; y*] of (3) is also a solution of (3). Since 


(202) AL y*, Yo] Aly*, Ya) 2 Aly*, Yyoıya] ; 


the superposition of the pure states of Y gives rise to the following law of 
composition of the A[ly*, 7] field states: 


(203) Aly*, an DT Pot; w)] it. 
We have: 
(204) (AC y*, 7], Aly*, 7) = AY*, 9] = exp | i | #|#lar) 
2 


Let us denote by P, the projection operator on the direction of the vector of 
the y-space which corresponds to the field state A[y*, 7]: 


Pusly*] = ALy*, ¥1(ALy*, 7), xp“) exp |— RER 
(205) ‘ 
Pyxly*] = xP] exp [— [| de] Aty*, 71. 


Q 


Since 


(206) yool)aly*] = JP) AL, PI2LP*]P* , 
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we have: 
(207) y, (&)x[ w*] = i exp | pp da] Pw) Pv yl p*] AP* 


We shall assume that the expectation value of yp, (#) is (x[y*], y,,(”)zLv*]). 


Since 


(208) (7Lv* Yoo(@)alv*l) = | Put), Pwxly*l) exp | | PY* dx) ay, 
Q 


the probability of finding the values W(x) of the y,(2) may be taken tenta- 
tively as: 


(209) DY] =(aly*], Ponty") exp | [| ¥ dx) . 


Le) 


By taking into account (205), we get: 


(210) DAS 


Ale 


This result is not satisfactory because the probabilities D] may be larger 
than 1, as happens already in the case of linear functionals. In the case of 
linear functionals we can get satisfactory results from (210) by taking only 
normalized functions Y, as shown in section 7. 

The above result seems to indicate that, in the state of a field described 
by a non linear functional x, it is not possible to get a satisfactory probability 
distribution for the values Y(x) of the y,,(~). This is not important because 
the y,,(v) do not describe ordinary physical quantities of the systems 2. 


9. — Alternative interpretation of the y-formalism for a single system 2. 


We have already given in section 6 a rule of physical interpretation for 
the y-formalism considered as describing kinetic conditions of a single system 2, 
by assigning probabilities to the linear manifolds M of the y Hilbert space. 
We shall now see that it is possible to modify the physical interpretation of 
the formalism of the quantized w-field in such a way that it will become a 
treatment of the motion of a single system 2. We shall assume the following 
rules of physical interpretation: 


(a) The solutions of equation (3), such that y[t; 0]= 0, describe kinetic con- 
ditions of a system ZX. 


2 
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(b) The possible values of a quantity (A) are the eigenvalues A’ of the ope- 
rator A. 

(c) The physical quantity (A) is described by the corresponding field operator 
A 

(d) The expectation value of the quantity (A) of X in the kinetic condition 
described by the normalized functional y[y*] is given by the field expecta- 
tion value (xlp*], Zn xLp*)) Of A. 

(e) The probability of finding the value A' of (A) in a measurement in the 
condition described by y[ıyp*] coincides with the probability of obtaining the 
value A' of the quantity (A'p,), D4 being the projection operator of A 
for the eigenvalue A’. 


nor” 


The field operator corresponding to A’p, is A'LN,, in the present inter- 
pretation. Since the only eigenvalues of A’p, are 0 and A', the expectation 
value (z[y*], A’LN ,z{y*]) coincides with the probability of obtaining the 
value A’ of (A’p,). This probability is the same as that of obtaining the 
value A’ of (A), as a consequence of the rule (e). Thus we get the same result 
as in section 6. 


The field operator ZN, corresponds to the quantity (1). Since 
(211) IN, ay") = y] when 0] = 0, 
the expectation value of LN, is 1, as it should be. Therefore by considering 
only functionals such that y[0] = 0 and replacing the operator N,, for the 
total number of quanta by ZN, we get indeed a one quantum formalism. 
We have: 


(212) (Afy*, 7], LN„Aly*, ¥1) = (ALy*, 7], IN. Aly*, #1) = 


= (Aly*, #1 L| [y*pe¥ de Ay*, 7] } = 


P | Wn VY dx 
— (z Whee a [pt a] Ne = j vd | exp fl wie da) — 1 |: 
Since É 
(213) (Aty*, #], ALy*, 91) = exp J P|? da] —1, 


the expectation value of ZN, in the condition described by A[y*, 7] coin- 
cides with the expectation value of p,. in the Z-state Y, i.e. with the pro- 
bability of finding the value A’ in a measurement of (A) in the state Y. Thus in 
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the y-formalism we can describe the pure state # of 2 by Aly*, 7]. The 
correspondence between the pure states Y of Z and the functionals A is remar- 
kable because an eigenfunction y,(x) of A corresponds to an eigenfunctional 
Aly*, y,] of X,,, with the same eigenvalue A’: 


(169) A Av*, Ya] = 4’ Aly*, Ya]: 


The pure state W of Z can also be represented by the linear functional 


[P(ayp*(e) dæ or by any of the homogeneous functionals 
2 


a | 15) len) phy) Me) de … de, 4 


These functionals are jalso feigenfunctionals of 7, corresponding to the 
eigenvalue A’, when Y=y,:: 


(214) Che [par (tr) + Pa (Cn) p* (an) … Pn) der … den = 


2 


Æ A! [ye (a) … Pa (Gn) P*(@y) oe Y* (Wn) de, … Aly « 
Q 


RIASSUNTO (*) 


Si dimostra che l’ordinaria equazione di Schrodinger per un sistema dinamico Z 
pu essere sostituita da un’equazione più generale avente la forma dell’equazione di 
Schrodinger per un campo di Bose quantizzato i cui quanti sono i sistemi Z. I fun- 
zionali d’onda lineari del campo quantizzato descrivono stati puri del sistema Zei 
funzionali d’onda non lineari descrivono, in generale, stati misti di Z. La rappre- 
sentazione in cui gli operatori di emissione del campo di Z quantizzato sono diagonali 
ha una parte preponderante nel presente formalismo. Si dimostra che gli autofun- 
zionali degli operatori di assorbimento del campo di 2 quantizzato possono essere 
usati per dare una nuova descrizione degli stati di un sistema 2, in quanto i valori di 
aspettazione delle grandezze del campo in autostati opportunamente scelti degli ope- 
ratori di emissione coincidono coi valori di aspettazione delle corrispondenti gran- 
dezze negli stati puri di Z, ma con maggiori fluttuazioni nel primo caso. Gli autofun- 
zionali degli operatori di assorbimento hanno la notevole proprieta di essere elementi 
di matrice dell’operatore unitario del formalismo del campo e appaiono di natura 
pit fondamentale che non i funzionali lineari corrispondenti all’ordinaria descrizione 
degli stati per mezzo delle funzioni d’onda di Z. 


(*) Traduzione a cura della Redazione. 
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Istituto di Fisica dell’ Universiti - Roma 
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(ricevuto il 7 Agosto 1953) 


Summary. — The authors present a statistical method for the determin- 
ation of the energy of the primary of a nucleon-nucleon collision in which 
secondary particles are produced. Such a method, which represents an 
appreciable improvement with respect to the procedures used by other 
authors, makes use of all the information that can be obtained from the 
measurements of the angles of the shower particles of a jet. The sta- 
tistical error on the energy of the primary is given by a very simple for- 
mula and turns out to be always very large and increases with the aniso- 
tropy of the emitted particles in the center of gravity frame of reference. 
The method, which can be applied by successive approximations, is used 
to discuss 43 jets fue to p (28), n (6) and « (9) primaries. Besides the 
energy per nucleon of the primary of each jet, some information on the 
angular distribution of the emitted particles in the centre of gravity 
system, is deduced. The first approximation is based on the assumption 
that all the emitted particles have, in the centre of gravity frame of refe- 
rence, the same velocity as the two colliding nucleons before the collision. 
A critical discussion of the determination of the energy of the primary 
shows that the result of this approximation has not in general much , 
significance. The solution of second approximation needs the knowledge 
of the spectrum of the emitted particles and depends rather strongly on 
such a spectrum: if the experimental spectrum is reasonably well repre- 
sented by a formula of the same type as that of Fermi’s thermodynamical 
theory, the determination of the energy will be fairly satisfactory only if it 
is at least 50 GeV. But if the experimental spectrum can be represented 
for energies of the emitted particles much larger than m,c*, by a formula 
of the same type as that of Heisenberg, the evaluation of the energy of 
the primary will depend very strongly on the behaviour of the adopted 
spectrum at low energy also for ultrarelativistic collisions. 


(*) Presented by D. Moreno during the International Conference on Cosmic Rays 
held at Bagnéres-de-Bigorre, July 1953. 

(**) On leave from the Department of Physics, Instituto Pedagôgico, Universidad 
de Chile, Santiago de Chile, assisted by a scholarship from the Italian Government. 
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1. — Introduction. 


According to the terminology introduced by DANIEL et al. (1) we will call 
a «jet» an event consisting of a certain number n, of shower particles but 
having very few, and in some cases, no, gray or black tracks. Such an event 
is usually interpreted as due to the collision of primary particles with a hy- 
drogen nucleus or, more frequently, with a nucleon in the periphery of a 
nucleus (?). 

In fact the absence, or almost absence, on heavily ionizing tracks due to 
the evaporation of an excited nucleus, is in favour of an almost negligible 
contribution to the observed event by secondary collisions. 

If such an interpretation is correct the investigation on jets can give very 
useful information about the process of production of mesons in very high 
energy nucleon-nucleon collisions. In particular one can try to solve the problem 
of the dependence of the number n, of shower particles on the energy of the 
primary. In fact an evaluation of the energy of the primary of a given jet 
can be made by means of simple measurements of the angles formed by the 
tracks of shower particles with the direction of the primary, making use of 
the obvious assumption that in a nucleon-nucleon collision the angular distri- 
bution of the emitted particles must be symmetrical with respect to the equatorial 
plane in the center of gravity frame of reference (?). 

Starting from this point of view, various authors have evaluated the energy 
of the primary by different methods (+8): some have used the very simple 
and rough method of the median angle, others have tried to correlate the 
angles containing the percentages f and 1—f of the total number of particles. 

These methods, however, do not use all the information that one can get 
from the angle measurements on a jet and do not allow an evaluation of the 
statistical error on the deduced value of the energy. 

An extremely simple method satisfying these two requirements, has been 
developed in this laboratory during the last winter, and is presented in this 


() R. R. DAnıeL, J. H. Davies, J. H. Mutvey and D. H. Perkins: Phil. Mag., 
43, 753 (1952). 

(2) J. J. LORD, J. FAINBERG and M. ScHEIn: Phys. Rev., 80, 970 (1950). 

(3) E. Prckup, L. Voyvopic, H.-L. Brapt, M. F. Kapton and B. PETERS: Helv. 
Phys. Acta, 23, 24 (1950). 

(*) M. F. Kapton, B. PETERS and D. M. Rrrson: Phys. Rev., 85, 386 (1952). 

(5) V. D. Hopper, 8. Biswas and J. F. Darty: Phys. Rev., 84, 457 (1951). 

(5) D. Lat, YASH Par, B. PETERS and M. 8. Swam: Phys. Rev., 87, 545 (1952); 
Proc. Ind. Ac., A 86, 75 (1952). 

(‘) R. G. GLASSER and M. SCHEIN: Phys. Rev., 90, 218 (1953). 

(8) K. GoTTSTEIN and M. TEUCHER: Zeits. Naturforschung, 8a, 120 (1953). 
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paper. It can be applied by successive approximations. The first approxi- 
mation is based on the assumption that all the emitted particles have the 
same velocity as the two colliding nucleons in the centre of gravity frame 
of reference. 

The second approximation takes into account the spectrum of the produced 
particles, and therefore it needs the introduction of some special assumption: 
it represents however a considerable improvement with respect to some previous 
attempts to introduce a convenient average velocity of the produced par- 
ticles (°). 

Section 2 contains the principle of the method, section 3 its application 
in the special cases of the theories of Heisenberg and Fermi, section 4 the 
application of it to 43 jets observed in G5 emulsions exposed, for 7 hours 
at about 25 km, during the International Expedition held in Sardinia in 
June 1952; finally section 5 is a discussion of our results. 

This work had already reached a fairly advanced stage when we received 
preprints first of a paper of HOANG TCHANG-FONG (?) and sometime later of 
DILWORTH, GOLDSACK, HOANG, SCARSI (1) dealing with the same problems. 

These authors approach the problem, only in first approximation, with 
the method of the maximum likelihood; their experimental results are similar 
to ours and will be discussed in section 5. 

The symbols used in the following are: 


cB = velocity of the centre of gravity in the laboratory frame of reference (L.S.) 


cß* = velocity of the emitted particles in the centre of gravity frame of refe- 
rence (G.S.) 


e=1+= 6/6" 


0 = angle of emission of a particle observed in the LS. 


0* — angle of emission of a particle in the GS. 
u = cos 0* 
il Aa] il 
et ( ) = da, ee er pe 
y Te By ae An: 


E,, = total energy of the primary in units Me? in the LS. 


Ele 


() T. F. Hoang: Journ. de Phys., 14, 395 (1953). 
_ (9) ©. DILWORTH, 8. GoLpsack, T. F. Hoane and L. Scarsr: Compt. Rend., 236, 
1551 (1953). 
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2. — Principle of the method. 


The problem is that of determining, for a given jet, the corresponding 
value of y, making use of angle measurements and of the three following 
assumptions: 

a) the considered jet is produced in a nucleon-nucleon collision; 

b) the angular distribution of all the n, particles emitted in the jet is 
symmetric with respect to the equatorial plane in the G.S. 

c) the n, shower particles are independent in the sense that there is no 
correlation between their angles nor between their energies of emission. 

We note that assumption b) is a necessary consequence of assumption 
a) and that assumption c) is justified in spite of the theorems of conservation, 
because n, is large and a considerable number of neutral particles is emitted 
together with the observed ones. 

As usually done by various authors we start from the relation expressing 
the transformation of the angles from the G.S. to the L.S., namely: 


RR le 
|tg6| + 


(1) 


Then we take the logarithm of both members 


(2) ny =—a + nf). 

(3) x = In|tg 6|, 

(4) wenns 
le+ 4 


we apply eq. (2) to the n, tracks of the jet 
(5) In y = — a; + uw, BF), 
and we sum over all tracks: we get 


neg 
at 


1 Ns ı 


IL 


(6) My à Qui, BY), 


sie 


which is the basic relation of our method. 

We note that the quantities x, are the result of our measurements, while 
the quantities w(u;, ß}) are unknown and depend on the energy and angular 
distribution (in the G.S.) of the emitted particles. 


jure fe EX 
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2:1. — First approximation. — In order to make clear how eq. (5) allows 
us to determine y let us treat it by a method of successive approximations: 
the first approximation, which we will call « spectrum independent », is obtained 
by introducing in (4) 


(7) n = BIB*—1 = 0. 


The variable 


(1 — 2) 2 O* 
ey sea gO rae | N 
(8) lp = In = Inte 
satisfies the relations 
(9) cos. 0* = uy = tgh w, sin 0* = (1 — uz)? = 1/cosh % , 


and can be treated, according to assumption €), as a casual variable; that 
means that we can ask what is the probability F(w,) du, that its value falls 
in a given interval du,. If we know the probability f(#) du, that one of the 
n, tracks falls in a given solid angle dy, (in the G.S.), one has obviously 


dis 
= pales Ss x} ENT 
(10) F(u,) du, = (0) Un, du, = f(tgh wo) cosh?u, 


Uo . 
According to assumption b) F(u,) is an even function of wu) nd therefore 
+ co 


(11) Nin = [ran =, 


=> 09, 


Such a result is quite general and allows the determination of y in the 
spectrum independent approximation because for n=0 and n, large the 
expectation value of the second term at the right hand side of eq. (6) is zero: 


(12) 


>| 


Yun) = 0. 
1 


Ss 


In other words we can rewrite eq. (5) in the form 
(13) In y + &; = Wi; 


and interpret it by saying that the variables n,, fluctuate around their ave- 
rage value (11) with a variance given by 


+ 
14) o? = w= | uwF(u,)dw. 
0 


In conclusion by making use of assumption c) and of eq. (12) (13) and (6) 
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we can write 


il o 
(15) ln ste 


SE 
Ns ı Vn, 


which gives y in first approximation. In deriving eq. (15) we make use of the 
Laplace theorem (1) which states that for n going to infinity the product 
of n functions having all the maximum 1 in the same point, tends to a gaussian 
function (see Appendix A). In order to be able to calculate o by means of 
eq. (14) we need to know the angular distribution f(w,). Considering that any 
distribution satisfying assumption b) can always be represented by means of 
an even polynomial in 4, we have calculated (Appendix A, table A.1) the 
second moment 


2 2 #2 2 
(16) Ui Un £1.05 ’ 
corresponding to the normalized angular distribution function 


oS 2k +1 
(17) Mr) = > Us“ ’ 


for various values of k. If we know the experimental angular distribution 
and we express it by means of a convenient even polynomial in w, we can 
write the standard deviation o in the form 


(18) Of = of, Oo — 0.906 , 


jet 
TVR 
where & is a number of the order of 1 obtained in an obvious way as a com- 
bination of the & given in table A.1 of Appendix A. 

Finally in order to determine in the first approximation the angular distri- 
bution in the G.S., we introduce in eq. (13) the value of y obtained from eq. (15), 
and we calculate 0* by means of eq. (8). 

Our method has the disadvantage that if one track is observed at an 
angle 0; = 0, the corresponding x, is — oo and y diverges. It must be noted, 
however, that the probability that a particle is emitted exactly at mw = +1 
is zero and that the used instrument does not permit the measurement of any 
angle 6; less than a certain angle 4@. Therefore one cannot state that for a 
certain track the experimental result is 0, = 0 but only that for that track 


(19) 0, < 49; 


(11) See for instance, A. DUSCHEK: Vorlesungen über die Höhere Mathematik, Vol. II, 
pag. 235. 
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for such a track one has to use the following average value of x; 
AG \ 
| cp(6) sin 9 40 

(20) oo 


$ AO 


| y(8) sin 9 40 


’ 


where (9) is the angular distribution of the tracks in the L.S. In all practical 
cases AO is so small that for 0 < 40 one can assume y(9)» constant. In this 
approximation eq. (20) reduces to 


40 


AO 6 
m= | In tg 9 sin aco) [sin 940 - In tg AO— = : 
0 0 


Similar considerations can be made also for the second approximation. 


2:2. — Second approximation. — The second approximation solution of eq. (6) 
is obtained by dropping the condition (7). That means that now we need to 
introduce some assumption about the form 


(22) S,(e*, a) de* dy , 


of the (normalized) spectrum of the particles emitted in the direction between 
mw and mw + du; the index y has been subscribed in order to emphasize that 
in general it will depend on y. 
As we will see in a moment we need to know the form of the spectrum (22) 
in order to calculate 


SB! 
(23) u = [ae [ser u)u du , 
0 =] 
© + 
(24) Gt fa | S(e*, u)u? du. 
0 — ity 


It should be noted that the variables w and x in the integrals (23), (24) 
are no longer connected by the simple eq. (8), but by the general eq. (4), in 
which the energies y and &* appear in the variable 2. 

Going back to eq. (6) we note that it holds exactly for the actual values 
of 6;, u, and B* pertinent to each track of the considered jet. Therefore, for 
n, large, the expectation value of the right-hand side of eq. (6) will be given 
by eq. (23). Therefore following an argument very similar to that given in 


er a Toss. | 
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section 2'1, one gets, for the solution of second approximation, 


ls o 


(25) In y =— ‚u; +44 


IT 
a 


Ns ı 


We note that this solution is exact under the assumptions a), b) and ce). 
By comparing eq. (15) and (25) one gets 


(26) (In y),— (Any, =u, 


which expresses the fact that the difference between the exact solution of our 
problem indicated by (In y), and the solution in the speetrum independent ap- 
proximation (indicated in eq. (26) by (In y),) is equal to the important quan- 
tity (23). 

By subtracting eq. (13) from eq. (5) and using (26) one obtains another 
useful relation 


(27) un, By) = À + Uo(Mos) - 


Eq. (27) has the following meaning: once we have fixed the value of the 
angle of emission in the spectrum independent approximation (indicated as 4), 
eq. (27) establishes the relation between the true value of the angle of emission u; 
and of the velocity ¢ B*. 

Eq. (27) can also be written, making use of eqs. (4) and (8), 


(28) DSi, Ms) = e*v(l, Moi) ; 
where 
if en u? 1/2 
(29) Ve ec 
Zr 


3. — The second approximation in a few important cases. 


In order to evaluate the error affecting the result of the spectrum inde- 
pendent approximation, we have thought it convenient to calculate the second 
approximation solution in a few important cases such as that of the theories 
of HEISENBERG (12) and FERMI (1°). 

According to the procedure given in the preceding section for such a cal- 


(1?) W. HEISENBERG: Zeits. f. Phys., 126, 569 (1949). 
(1) E. Fermi: Progr. Theor. Phys., 5, 570 (1950); Phys. Rev., 81, 683 (1951). 
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culation we need to know the speetrum of the particles emitted in a given 
direction (eq. (22)). 

Considering, however, that these theories have the character of almost 
qualitative description of the phenomena involved, we have introduced a 
few rather rough approximations which simplify considerably the numerical 
calculations: 


1) we assume that in eq. (22) the two variables e* and u can be se- 
parated i.e. we put 


S,(e*, u) de* du = 8,(e*) de*f(u) du , 


2) we assume that the angular distribution f(u) is well represented by 
eq. (17) for a convenient value of k. 


In order to get the expressions (23) and (24) we perform first the integration 
with respect to u. Eq. (A6) of Appendix A gives the result of such a calculation. 
In fig. A.3 of Appendix A w,(z) is plotted as a function of 7 =2— 1; if we put 


(30) Ux(%) = Anny 


with A, = constant, we will not introduce too large an error and the inte- 
gration with respect to the energy can be performed analytically; namely 
we have 


(31) Cy == Audie 
where 
(32) re por [VE S,(e*) de*— 1. 

3:1. — The case of Heisenberg spectrum. — The spectrum suggested by 
Heisenberg 
(33) S,(e*)de*= aly) =. ; 1<ao<se*r<y, 
(34) mg: 


is particularly uncertain at low energy and needs to be cut in some way. One 
can.try to do that in different ways; for instance by introducing the volume 


100 — Il Nuovo Cimento. 
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of the phase space by writing 


(35) ee 
€ € 

(86) le Le a) 
2 | UE 


or simply cutting the spectrum (33) at some convenient value &, between 1 and 2. 

All these procedures are arbitrary because, as stated by Heisenberg, the 
spectrum in the low energy region depends on the special form of the inter- 
action. Therefore we have carried on the numerical calculations for the 
spectrum (33) and for three different values of the cut-off energy 


oy == Tel Ed — 0 fy — 220 
Introducing the spectrum (33) in eq. (32) one gets 


(37) F — Fi |arecos 2 are COS als : 


» 


while from eq. (35) one gets 


— 1 
(38) F = 2f(y) = À. 
? are GOS = — il 
Bly) À 
3:2. — The case of Fermi spectrum. — Unfortunately we have a simple 


expression for the energy spectrum only in the case of the thermodynamic 
approximation, which should be used only at very high energies. In spite 
of that we have extended the numerical calculations to the rather low energy 
region in which we are interested because we are now only trying to get an 
estimate of the error affecting the first approximation as it has been stated 
at the beginning of this section. In this case we write eq. (32) in the form 


> 
(39) F= Bly) Vi +1 8,(p) dp —1, 
where 
9 1 a?dx € 
(40) = —— A Sl Mi== 
S,(p) dp Folens Gale ee 
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Assuming that in the collisions considered there is production only of pions 
and taking into account the conservation of angular momentum for a median 
collision (9 = 0.959), one gets 


i 
Mc? 


= 0.122 yy— 1];  æ—127Ve—1/{y(y—1)]"4, 


which together with the development given in Appendix B allows us to cal- 
culate numerically %,. 
The numerical calculations have been performed for k = 0, i.e. for isotropic 


TABLE I. 
| 
ieee 3 eon NULS RS NE 50 | 100 | 1000 

| 

| | | 
Up = .585 .479 | .345 .237 .149 .106 | .030 | 
Unis = .783 736 | .691 .644 .625 623 | .621 
= .322 345. | .345 |. .322 .322 ‚322. 0.322 


distribution (in the G.S.) of the emitted mesons. In Table I we give the values 
of % for various y and theories and in fig. 1 the quantity 


is plotted as à function of y as it results according to various approximations 
and theories: the curve 
marked S.I. corresponds to 4 400) 
the first approximation 

« spectrum independent »: 
according to eq. (15) it is 
simply logy. The other 
three curves have been cal- 
culated using eq. (25) and re- 
present an exact solution of 
the problem; the curve 
marked F corresponds to 
Fermi’s theory, while the - = 

two curves marked H cor- 5 z = 5 ; | ir: aa 
respond to  Heisenberg’s 
theory and the two values 
1.1 and 1.5 of the cut-off &. 
We have not plotted the curve corresponding to ¢ — 2 because it differs 
very little from that for ¢ = 1.5. 
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4. — Experimental results. 


The events on which we 
c report in this paper and 
which we will call jets in 
the following, have 


p-jets(28) 


Neo Ng +m <4. 

Table II contains the 
data on 28 jets due to a 
single-charged primary (p- 
jets), 6 jets due a neutral 
primary (n-jets), and 9 due 
to «-particle (x-jets). In the 
case of the n-jets we have 
assumed that the direction of the primary is given by the axis of the shower 
particles defined as the direction of the resultant of unit vectors having the 
directions of the shower particles. 

For each jet we give the value 
of y deduced by the median angle 
and the value of y deduced in the ® 
first approximation i.e. by means of 
eq. (15). Jets marked with a star | 
have a track emitted at an angle 
larger than 900. These tracks have 15 
obviously been neglected in the cal- ° er 
culation of y in the S.I. approximat- 
ion but have to be considered in the 5 
calculations of second approximation. 

In fig. 2 we give n, as a function of 
y for the p-jets. 

Besides the scale of y correspond- 
ing to the spectrum independent approximation we give the scale correspond- 
ing to the second approximation; these have been deduced using the graphs 
of fig. 1. On the right side of fig. 2 we give the standard deviations due to 
the statistical fluctuations of the tracks as a function of n, calculated ac- 
cording to eqs. (15) and (18) for isotropic angular distribution. 

Fig. 3, similar to fig. 2, refers to the n- and «-jets. 

In columns 7 to 16 of Table II we give the angular distribution in the G.S. 
deduced with the method of first approximation explained at the end of 
section 2°1; the data represent the number of tracks at minimum which fall 
in 10 given intervals of (4) = 0.2). The same data are summarized in 


— 5 
80 100 15.0 20.0 
- - ———— 
40 50 60 80 100 120 150 
— = es 
30 40 60 60 70 80 3.0 
= — = T 
40 50 60 70 80 100 120 15.0 


40 50 60 


30 


> 


30 


Fig. 2. 


o a-jets (10) 
e n-jets(6) 


EN 
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TABLE II. 

den re. Br Mi 1) Angular distribution (uw =W— 1) 
kl | 3 | 4 | a a CE 

p-jets 

| | | 
Ser Aes N ore) Su eae let ne) 2 fee bah Seles 
Bee hale oar le eis ne ye ape To dS | 2 + 
a We ibs Eee ee tale 142.) RU, LE 
NON RAT RE ZIERT A ea! 
1 Nr NC ONE MES ER RES Pia 
CREER oe es PET noch ae Pe PE Ie a RUES 1d 
FOR ONE ON RO ee ee MAC 
ES A rt. Ta ee 1 A LEE CES 
Fo are ee LW RIRE 
ea are ee et | Le) elle 
OR EE LS er Sr en Ro ee ee ee et Dd td ce 
in ae ae er NE Et ESS et aa 
SE | ee a ea IN) 40.6) 02 a ee 22 eae 
| 66) 6| -|3|20| 22208 | 1 | = N oo Ra oe a 
aaa =e Sal: 6 roi 222 alto al ae der I hir lee 
ee Ne a a = Ta = 
de a ME Le eee Os a a ihe a 1 | lg BOP a 
SOM Ciera ee era | ea a eee Eee tn | Sala 
L'ÉGARD 
rois Saw Celie de ele Bel ale We Spl, ) lues 
N ee wa | oe el ee 0 ede EZ re CB le 
u on aS ET pe Tr Tg ee en 
EN IH A IN SEM Soh U.P) Lp 
A Ware NE | a? eps oe ee 
a a ae sr oa PR EE = 037,72 
EAN AN Bea Nes Le. lue re 2e Wee 
ea TAN OEM O DNA NUE AL 1 | 1, aloo a | =) 1 
Bo as ARC OMS C0 ieee ll Als i tsi 2") — [3 
| | | 

n-jets 
Bee se RE SE stake A RS RES = 
a ae Ne re fes Me Er ee RE Te P= 
52 | 9 | Sale oe PA ES PS VA EDS 9 et 
Sol ae 0 UC AR en |= EUR ee 
ST UC 1.6.38 oo TORE Be Le Verl 
aa eee eg Da Tal 1,037) 8 1, |e ee 

a-jets 
ne AI os 68) ie Da ll de en.) an 
BEN EEE EN AN SR ONE | lee tale ie Wr DOME 
EINE A DR ON ee TE EN SES Ee DS Ba ds ee eg 
FEU ON UNE Steet he DS PE he ER EE ee 
a | A a ON DA EE ECS ESS ea DE QD 
ee a el STE ON Hae M ES POS ES NE TE 
A QE RE EPP er RE AN CA EN hb 
DANONE ET AO 00 er ee ler En 2 52 
RS D Oo ats OT ANR oes NE. Sale 2.0148, Wd 
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fig. 4, 5 and 6. These angular distributions are isotropic within the statistical : 
errors as can be recognized using the Poisson law. 
They have, however, only a conventional meaning. 
If the velocities ce B* of the single emitted particles 
! were known, one could, of course, calculate, by means 
Bau | for instance of eq. (27) or (28) the corresponding true an- 
gles of emission w,. As that cannot be done at the 
20 moment, we can try to evaluate the influence of the 
spectrum of the angular distribut- 
ion with respect to that of first 
approximation. 
As an example we have cal- 
culated for 4— — 0.3 (see Table I) 


n-iets 


5 3 av = : °* the u, corresponding to 10 given 
Fig. 4. Fig. 5. values of x, as a function of 2 
(fig. 7). 


For z¢> 1 for each value of 6; there are 2 values of w;; in the graph of fig. 7 
only the smaller one has been taken into consideration. Fig. 7 gives some 


204 &-jets 


Fig. 6. inte, Te 


idea of the distortion of the angular distribution introduced by the use of 
the first approximation. 


5. — Discussion. 


The method developed in section 2:1 for the determination of y in the 
first approximation has various obvious advantages over that used by other 
authors: it makes use of all the information that one can get from the simple 
measurement of the angles in a jet, it allows the evaluation of the standard 
deviation, in a correct way, and finally the operation of averaging the logarithm 
of the tangents of the observed angles does not seem to be more complicated 
than that involved for instance in the determination of the median angle. 
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The result however is affected by a rather large statistical error, which 
increases with increasing anisotropy as it is shown in table A.1 of Appendix A. 

To such a statistical error it has to be added the experimental error due 
to the measurements of the angles. This is usually negligible with respect 
to the statistical error provided the absolute value of the measured angle is 
not very small. For small angles a special care has to be used in their 
determination. 

From fig. 2 we see that our experimental points are distributed in a rather 
wide region above the line n, = 5 which corresponds to the adopted definition 
of jet. Such a wide distribution can be due in part to variations of some para- 
meter as for instance the impact parameter, in part to statistical fluctuations 
and finally in part to the contribution of secondary collisions whose effect 
could be different in different cases but is always in the sense to decrease y 
and increase n,. 

Our results are confined to relatively low values of y and therefore we cannot 
verify the existence of two well defined groups of jets as suggested recently 
by other authors (8) (*): jets whose multiplicity is low and increases very slowly 
with y, and jets of rather high multiplicity which increases almost linearly 
with v. 

As shown in figs. 4, 5 and 6 in first approximation the angular distribution 
is isotropic at least in the energy region considered in the present paper. 
Although no quantitative statement can be made on the angular distribution 
of second approximation, the considerations presented at the end of section 4 
seem to exclude a strong anisotropy. 

The second approximation seems to be more satisfactory than some attempts 
made by other authors to consider deviation of z from 1. It has however the 
disadvantage of needing a definite assumption about the energy spectrum of 
the emitted particles and therefore loses the advantage of direct conclusion 
derived from the experimental data. 

In spite of that it permits some remarks on the various possible hama 

From figs. 1 and 2 ohe can see that some doubt can be raised about the 
significance of the value of y deduced in the spectrum independent approxi- 
mation below and aroud y= 5. In fact, also with a rather hard energy spectrum 
of pions, as that of Fermi’s theory, the correction due to the velocity of the 
emitted pions is very large. 

The situation is similar in the case of the Heisenberg theory, but it does 
not improve by going to very high energies. In this case for y going to 
infinity the correction term % tends to a constant but rather large value which 
depends on the adopted cut-off &,. In fact the variation of # with y is deter- 
mined by two opposite effects: indeed an increase of y introduces in the 
spectrum particles of higher energy and as a consequence the relative intensity 
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of the particles of low energy diminishes, but at the same time the less energetic 
mesons will be more strongly collimated in the forward direction. 

In conclusion we think we have made clear what is the maximum infor- 
mation on jets that one can get only from measurements of angles. The weak 
point remains the basic assumption that jets are due to nucleon-nucleon 
collisions. 

If only angle-measurements are available there is no possibility of checking 
such an assumption. 

More informations on jets could be deduced by measurements of the momenta 
of the emitted particles. An effort in this direction is worth making only if 
it opens the possibility of checking the above mentioned assumption. 


Our best thanks are due to Prof. E. AMALDI for stimulating discussions 
and valuable advice, and to Dr. G. BARONI for generous help. One of us 
(D.M.) is indebted to the Italian Government for a scholarship and has pleasure 
in expressing his acknowledgments. 


NPPRENDESEA® 


In order to make clear the meaning of eq. (15) let us first consider the 
case of isotropic angular distribution in the G.S. The corresponding distri- 
bution function of the variable w,, F(u,), is given in fig. A.1 from which one 
can recognize that it has a behav- 
iour very similar to that of a gaussian 
distribution. Therefore one can say 
that a single value x; represents an in- 
dependent measurement of Iny with 
variance o. Eq. (15) is justified by the 


10 20 30 


Fig. A.l. Fig. A.2. 


fact that if the number of observations n, is large, for the Laplace theorem, 
the distribution of the corresponding values of Iny will tend to a normal 
distribution. 
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In the case of non-isotropic angular distribution the distribution function 
F(u,) depends on the value of k. As examples we plotted in fig. A.2, F(u,) 
for w>0 and for k = 0, 2,4. Of course F(u,), being an even function of %, 
is symmetrical with respect to the origin. 

Also in this case one can apply the Laplace theorem but one could suspect 
that the normal distribution is obtained only for an extremely large number 
(at the limit an infinite number) of independent observations v;. That is not 
true because, for each value of k, the distribution function has a behaviour, 
for w, > 0 (as well as for w, < 0) very similar to that of a gaussian function 
(fig. A.2). Therefore one can repeat the consideration made for the isotropic 
case, provided we take into account all possible repartitions of the n, observ- 
ations between the two «almost normal distributions » corresponding respecti- 
vely to w>0 and uw < 0. 

One can immediately recognize that the variance obtained by combining 
the variance corresponding to the «almost normal distribution » for w, > 0, 
with that due to the fluctuations of the numbers of observations m and n,— m 
falling in the two regions w>0 and n,<0, is identical with the second 
moment of F(u,) for u, varying between — oo and + oo. 

We report here the derivation of a few integrals given to us by Dr. W. 
Gross of the Istituto Nazionale per le Applicazioni del Calcolo: 


+1 
DE ae 1— pw)? il 
(A.1) =, | a Tr, du=; le; 


— | 
SE als Ep 
TI, = (2k + 1) Je De de, 
1+2 
Sat 
vim 


+1 
m, 1 
L,— I, = | (01 — 22-1)’ In? /: = dg = (en m 
, 1+x 1— x 
u 
1 


+ 
1 14% 1 fa®—ı leaf 
eee) tne di dx =— Sf ade. 
| @ ceo tee oo Ba 


(A.2) ai ee Se 


es : ee feel. oe eee 
= [int/1— 2 ao =» | (a— yin 1? dv =2 |, m de 

+2 % DES 
= 0 0 


With z= (1— x)/(1 + x) one gets 


1 
In 2 T° 
: = ae 
So Ik, 2 | Fu dz 15 
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From (A.1), (A.2) and (A.3) we get finally 


UN eee 
(A.4) a=m=—5+h5>. 


In table A.1 we give the values of o; and &, calculated from eq. (A.4) for 
a few values of k. 


TABLE All. 

| k or x ! 
| 0 n/12 1.00 
| 1 „2/12 + 1 | 1.49 
| 2 n2/12 + 5/3 elo 

3 n?/12 + 98/45 | 1.91 
| 4 m?/12 + 2454/945 2.04 
| 


For the calculation of w we need the following integral 


(AS) Fee ea arn =e a am 


pl 


= [en 


Jn, = [an VI x de = 
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2 1 
1 
= a < 95 |; 


J oe: 2%] d 1 à © grkt+l 
=e njze+a| om ale 1| za 
—1 


2k 
g2ktl — __ g2k+1 -4 (x En 2) > (— 1)'æ'e2#-i 
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18 
a2k+1 ME le in| zg+1 9 > g2(k-3) | 
|a + 2| =I yl A), El 
And therefore 
= ze | ET. aL 1 z+1 1 
A.6 Url?) = = nl 2 N 
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t In fig. A.3 we plotted , as a func: 
won. OF Fj =e il 108 Oz 
From these graphs we have obtained 
the values of A, listed in table A.2. 


TABLE A.2 
eon eae ey | a | 
A me er) 
Fig. A3. Fe EPA | | 
APPENDIX B. 
Let us write the integral of eq. (39) in the form 
1 en AB 
(B.1) I = 3 {vi + (Beye aay , B(y) = r/o 
0 
and use the approximate expressions 
if! 
V1 + (Bx)? (Ba =1+; Loge 0<z 
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which can be written, as kindly suggested to us by Prof. G. PLACZEK in the 
form 
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Viene proposto un metodo statistico per la determinazione dell’energia del primario 
di un urto nucleone-nucleone in cui vengono prodotte più particelle secondarie. Tale 
metodo, che costituisce un notevole perfezionamento rispetto ai procedimenti seguiti 
da altri autori, fa uso di tutte le informazioni che si possono trarre da misure angolari 
eseguite su di un getto e fornisce una semplice espressione per l’errore statistico da cui 
é affetto il risultato, la cui entita, sempre assai elevata, viene a dipendere dalla distri- 
buzione angolare dei corpuscoli emessi nel sistema del baricentro. Il metodo, che si 
pu applicare per approssimazioni successive, viene usato per la discussione di 43 getti 
dovuti a primari p (28), n (6) ed «& (9). Oltre all’energia per nucleone del primario di 
ciascun getto, vengono dedotte alcune informazioni sulla distribuzione angolare dei 
corpuscoli emessi nel sistema del baricentro. Un esame critico della determinazione 
dell’energia del priniario mostra che il risultato della prima approssimazione basata 
sull’ipotesi che tutti i corpuscoli emessi abbiano, nel sistema del baricentro, la stessa 
velocitä che posseggono i due nucleoni prima dell’urto, non ha in generale molto signi- 
ficato. La soluzione di seconda approssimazione richiede invece la conoscenza dello 
spettro dei corpuscoli emessi e dipende abbastanza fortemente da questo. Se lo spettro 
sperimentale fosse ben rappresentato da una formula simile a quella della teoria termo- 
dinamica di Fermi, la determinazione dell’energia avrebbe un certo senso solo nel caso 
in cui essa fosse superiore ad almeno 50 GeV. Ma se lo spettro sperimentale fosse rap- 
presentato, per energie dei mesoni emessi grandi rispetto all’energia di quiete, da una 
espressione del tipo di quella di Heisenberg, allora la valutazione dell’energia del pri- 
mario verrebbe a dipendere fortemente dall’andamento dello spettro usato alle basse 
energie anche per urti ultrarelativistici. 
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Summary. — Recent experiments have lead to unexpectedly large cross 
sections for anomalous scattering of u-mesons. It is here examined whether 
a better evaluation of the electromagnetic contributions can diminish 
this discrepancy. The incoherent electric cross section and the depen- 
dence on the nuclear model employed are here considered in detail. 
To calculate the incoherent contribution the closure approximation is 
used: a discussion is given of its validity and in some cases the results 
are compared whith those of calculations which do not use the closure 
approximation. It is concluded that the incoherent contribution cannot 
explain the large anomalous cross sections. 


The evidence for a weak interaction between u-mesons and nucleons is based 
essentially on experiments on the capture of negative u-mesons, underground 
experiments on cosmic rays, and scattering experiments. Experiments of the 
first type allow a theory of the interaction between u-mesons and nucleons 
with a very small coupling constant to be established; experiments of the 
second type lead to values of the cross-sections which are explicable entirely 
on the basis of electromagnetic interaction; among the experiments of the 
third type, some have confirmed these results, while others, more recent, seem 
to indicate some deviations. The very accurate measurements of AMALDI 
and FIDECARO (1), performed with iron, have led to upper limits for the cross- 
sections of anomalous u-meson nucleon scattering of the order of 4,5:107?° em? 
per nucleon and 2,3-10-%° em? per nucleon for u-mesons whose kinetic energy 
after collision is between 200 and 320 MeV or > 320 MeV respectively; and 


(1) E. Amatpr and G. FIDECARO: Nuovo Cimento, 7, 535 (1950). 
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results of the same order have recently been obtained by WALKER (?) with 
carbon. Experiments performed with heavier nuclei by GEORGE and TRENT (?) 
(1951 lead), WHITTEMORE and SHUTT (*) (1952, lead), GEORGE, REDDING and 
TRENT (5) (1953, lead), KANNANGARA and SHRIKANTIA (°) (1953, emulsion 
nuclei), LEONTIC and WOLFENDALE (?) (1953, lead) all seem to indicate larger 
cross-sections (2-10-28 cm? per nucleon) for anomalous scattering of 1-mesons 
on nucleons. It has, moreover, been explicitly observed that such a scattering 
could be interpreted as coherent Coulomb scattering alone, only on the hypo- 
thesis (which here aims to be only of an exemplifying nature) of a point nucleus. 
Since, on the other hand, the scheme of actual theoretical knowledge of the 
interaction between u-mesons and nucleons entirely excludes the possibility 
of a non-electric interaction between u-mesons and nucleons such to explain 
the cross-sections observed, and since there are, moreover, more general theo- 
retical arguments which support this scheme, a more accurate evaluation is 
needed, first of all, of the various contributions to the scattering which are 
still of an electromagnetic origin or which depend sensibly on hypotheses on 
the structure of the nucleus or on hypotheses on the structure of the nucleon. 

The electromagnetic cross-section can be considered as the sum of two 
contributions: a coherent contribution corresponding to the collisions without 
excitation of the nucleus struck, and an incoherent contribution corresponding 
to the collisions followed by excitation of the nucleus struck. For light nuclei, 
the caleulation of the two contributions, performed by AMALDI, FIDECARO 
and MARIANI (8), has shown that the incoherent contribution is far from neglig- 
ible, being in fact predominant at large angles. Moreover, such a contri- 
bution results in bringing the cross-section of a nucleus of finite dimensions. 
nearer to the cross-section of the same nucleus regarded as puntiform. 

In an independent-particle model the incoherent contribution arises, to a 
first approximation, from the independent transitions of the single nucleons. 
from their original state to excited states. Although for light nuclei the 
number of different transitions taken into account is still such as to allow a 
direct evaluation of the cross-section, for heavy nuclei the number of different 
transitions to be considered is such as to necessitate the use of some approxi- 
mation. The nature of the approximation used in the present work (closure 


(?) W. O. WALKER: (1953) not published. 
() E. P. GEORGE and P. T. TRENT: Proc. Phys. Soc., A 64, 1134 (1951). 
(*) W. L. WHITTMORE ans R. P. Snurt: Phys. Rev., 88, 1312 (1952). 
(5) E. P: GEORGE, J. L. REDDING and P. T. Trent: Proc. Phys. Soc., A 66, 533. 
53) 
) 
) 
) 


M. L. T. KANNANGARA and G. S. SHRIKANTIA: Phil. Mag., 44 (1953). 
B. Leontic and A. WOLFENDALE: to be published (1953). 
E. AMALDI, G. Fipecaro and F. MARIANI: Nuovo Cimento, 7, 553, 758 (1950). 
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approximation) consists in assuming that the preponderant contribution to 
the cross-section arises from transitions in which the loss of energy of the 
u-meson is still small with respect to the initial energy possessed by the same 
incident u-meson. It is therefore clear that the validity of this approximation 
will increase with the energy of the incident y-meson. One can also maintain 
within the same limits that the contribution of those transitions which have 
strictly not to be considered because they do not conserve energy, is a contri- 
bution which, added to the contribution of those transitions which do con- 
serve energy, causes only negligible modifications, which become more negli- 
gible as the initial energy of the u-meson increases. Thus, summing over all 
possible transitions, whether they do or do not conserve energy, it is possible 
to carry out the calculation of the cross-section using hypotheses referring 
only to the nucleus in its ground-state, thus avoiding hypotheses on the excited 
states of the nucleus. This avoids the discussion of the further question of 
establishing between what limits and in what way different hypotheses on the 
excited states can alter the result for the incoherent cross-section. One could 
not avoid examining this point since it is well known that, although for the 
eround state definite indications, in part theoretical, exist, which allow the 
choice of the model to be decided, such indications are not so clear for the 
excited states. 

Here and in the following Y% indicates the wavefunction of the nucleus 
in its ground state, R, the position vector of the 7-th proton, k = 2K, sin (9/2) 
the modulus of the difference between the vector K, which represents the initial 
wave number of the incident u-meson and the vector K which represents the 
final wave number of the same meson deflected by an angle 0, and it is as- 
sumed that K has still the same modulus as K,. The ratio between the 
scattering by a nucleus of atomic number Z, of finite dimensions, and the 
scattering by a hypothetical nucleus of the same Z, regarded as a point nucleus, 
can thus be expressed by means of the form factor: 


(1) CET = Za z+2] @ 2 S cos k(R;— R,)®, dr|, 


i>k 


supposing to have integrated over the coordinates of the neutrons and thus 
substituted a certain ®, for Y%. This expression is of the form 1 + O(k?) for 
small angles, while it falls rapidly to the value Z~1 for large angles owing to 
the sinusoidal terms contained in the integral, which oscillate rapidly for large 
values of k. The physical significance of this behaviour is expressed in the 
fact that detailed knowledge of the nucleus is unimportant at small ‘angles 
and at large angles. For small angles the scattering can still be confused with 
the Rutherford scattering of a point nucleus (for angles less than the ratio 
between the wave lenght of the u-meson and the radius of the atom the 
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screening effect thas to be taken into account), for large angles the nucleus 
may be regarded as broken up into its components and scatters in the same 
way as Z distinct scattering centres. In this latter zone the knowledge of the 
structure of the nucleon is now more important for the evaluation of the cross- 
section than the knowledge of the structure of the nucleus. In the inter- 
mediate angles, the cross-section depends essentially on the properties of the 
wave function ¥Y%, that is, on the details of the charge-distribution in the 
nucleus, and on the correlation properties of its particles. 

If a representation in the momentum-space is chosen where the nucleus 
in its ground state is described by a certain y which depends on all the mo- 
menta k; of the single nucleons, the integral in (1) takes the form 


t=1 k 


(2) : SS Ai | aK, aR....aKy*(K,, KR ei OK eee 
Zea heer: 


"x(Kı, K,,..., Kz). 

This shows first of all that by using the closure approximation, one succeeds, 
from a formal point of view, in replacing a problem in which the interaction 
between the u-meson and the single nucleons must be considered, by a problem 
in which the nucleons interact directly among themselves; secondly it shows 
how a large cross-section at large angles can be obtained only with models of 
the nucleus in which components of very large momenta are present. 

In a Fermi model there are assumed to be present all momenta less than 
a well defined maximum momentum and no momenta greater than this ma- 
ximum. Corresponding to this precise definition of a maximum momentum, 
a precise definition is obtained in this model of a minimum angle 9, starting 
from which the single protons scatter rigorously as Z distinct centres. This 
angle depends on the energy of the incident u-meson, clearly decreasing with 
increase of energy, and does not depend upon A, but only very slightly on the 
ratio Z/A. The independence of § on A reflects the well known fact that in 
a nucleus, the maximum momentum which the single nucleons can have does 
not depend on A, this being a property which comes from the density satu- 
ration. It can be said intuitively that large values of k correspond to a large 
value of the recoil momentum given up by the meson, and only when this 
momentum, apart from factors of the order unity, is equal to or greater than 
the maximum momentum which nucleons can have in the nucleus, do the 
single nucleons begin to scatter as Z independent centres. Table I shows, 
for the purpose of illustration, the values of the angle @ above which it can 
be maintained that the nucleons scatter in an independent manner. 
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TAB TnL. 
= = 

e R K/r ‘ 0 . | d 
Eyxev A in em RE 10-18 Be | for light nuclei | for heavy nuclei 
; ef oy : | | N=Z N=15Z 
200 1.17-:10-8 | 0.83 | = a 

400 0.51-10-18 0.36 | 66° 54! 61° 34! 

600 0.39.1028 | 0.24 420 52! | 390 38 

800 0.25: 10-13 0.18 | 31° 10! 280 50! 
1 000 0.20 : 10-13 0.14 | 240 38’ t 220 50! 


It is clear that for nuclear models for which no such maximum momentum 
is defined, there will not be defined precisely a minimum angle above which 
the single nucleons scatter independently and in general the manner in which 
the cross-section for large angles tends to the limiting value Z will reflect 
the manner in which the probability of the large momenta tends to zero in 
the nuclear model chosen. If moreover there exist components of infinitely 
large momenta the form factor (1) instead of approaching the limiting value 
Z-! for large angles, will approach a limiting value different from Z~ and the 
greater the components of these infinitely large momenta the further will be 
such value from 47". 

The form factor (1) contains the coherent contribution @ and the incoehrent 
contribution J not yet separated. If the hypothesis is made of an independent 
particle model for the nucleus in its fundamental state, a criterion for again 
separating the coherent and incoherent contributions in (1) can be obtained 
according to the observations made concerning (2), where it was noted that 
the closure approximation led in a certain sense to replace the problem of 
the interaction between u-mesons and single nucleons by a problem in which 
the single nucleons interact among themselves. And so the following criterion 
is immediately formulated: the direct terms relative to such an interaction 
for the nucleons among themselves constitute the coherent scattering, while 
the exchange terms contribute to the incoherent scattering. The application 
of this criterion ‘gives a coherent scattering which depends only on the charge 
distribution and whose expression is rigorous in the limits of Born’s approx- 
imation and of the nuclear model employed; while possible errors connected 
with the use of the closure approximation remain solely in the terms relative 
to the incoherent scattering. 

In this way it can be easily demonstrated that the form factor relative to 
the incoherent scattering for all angles certainly assumes values less than the 
limiting value Z-1 This result is valid for a generic independent particle 
model and certainly holds for a shell model; but it seems improbable that it 
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would need to be appreciable modified for models of a different nature, and 
in this connection, the fact that such a model is assumed only with regard 
to the ground state, leaving the nature of the excited states unspecified, gives 
one greater confidence in the result. This result therefore allows it to be 
excluded that the large cross-sections of anomalous scattering in heavy nuclei 
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can arise from an incoherent scattering of an electromagnetic nature. There 
exists an incoherent contribution, certainly, and it is preponderant with respect 
to the coherent contribution at large angles; it is however a negligible con- 
tribution in the heavier nuclei and its manner of dependence upon Z is the 
opposite of that which would be required to explain a larger anomalous cross- 
section in heavy nuclei than in light nuclei. In Fig. 1 some curves are shown 
of the incoherent form factor for those elements which concern the present 
experiments, together with some evaluations of the coherent form factor made 
with Born’s approximation and assuming a uniform charge distribution. It 
can be verified how the incoherent contribution in the heavy nuclei becomes 
very small with respect to the coherent contribution except at very large 
angles, à 

Concerning again the possibility of models containing components of large 
momenta, only to the end of obtaining an indication, as an extreme case and 
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although such models are now out of date, an «-particle model has been con- 
sidered here which can contain components of indefinitely large momenta if 
the radius of the «-particles is chosen to be very small with respect to the 
radius of the nucleus. The case is considered of Fe55 which because of the 
way in which it was thought to be constructed on an «particle model (one 
central x-particle plus 12 «particles at the vertices of an icosahedron (°)), 
seems a priori to be the most likely case to give large cross-sections. If for 
the nucleons which constitute the «-particle, oscillatory wave functions are 
chosen of the form #4 exp [— YıR— r,)?/a?] where r; is the baricentre of 
the i-th «-particle, it is found that the form factor for the coherent scattering @ 
can be represented, to a good approximation, by an expression of the type 


2 


1 
3 if fos” a ae tt 2 | 
(3) Sie pas Z) cr, 


2 | 7) sin «kr, 


r, being the usual constant in R=r,AY?, & a factor depending on the defin- 
ition adopted here for the radius of the nucleus (square root of the mean 
square of the radius of the charge distribution of the peripheral «-particles) 


a= Ara 52) ana] 


DAUR, 


In the expansion of the square in (3) the term (2/Z)? represents the scat- 
tering of the central «-particle, the other quadratic term represents the scat- 
tering of the «-particles at the vertices of the icosahedron, and in addition 
there is the interference term; the factor exp[— Y(ka)?] takes account of 
the finite dimensions of the «-particles. In fact for a — 0, ie. the case in 
which the radius of the «-particles is very small with respect to the radius of 
the nucleus, the term representing the scattering of the central «-particle gives 
a contribution to the form factor @ constant at all angles however large; this 
contribution however is extremely small (= 1/13? = 1/169), and indeed for 
angles at which the cross-section has values still appreciable the interference 
term is more important. In any case a scattering is obtained which is always 
less than that obtained simply with a uniform charge distribution (see Fig. 2: 
the curve 1 refers to this last model). 

Another point to be examined, and which naturally has yet to be cor- 
related with the presence of components of large momenta is the dependence 
of the cross-sections on the radius of the nucleus.: The necessity of discussing 
this point arises also from the results of the recent experiments of RAIN- 
WATER (1°) on X-rays emitted in transitions of mesic atoms, which have allowed 


() ROSENFELD: Nuclear Forces, 13, 13 (1937); WEFELMEYER: Naturwissenschaft, 
25, 525 (1937); Zeits. f. Phys., 107, 332 (1937). 
(1) Not published. 
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a measurement of the radii for electromagnetic interaction of nuclei, thus 
suggesting the possibility that 7, assumes a value less than 1.4:10-*% cm. The 
results of previous experiments on the scattering of electrons by nuclei made 
by LyMAN, HANSON and Scott (1951) (11) tend in the same direction. These 
suggested a reduction of about 20% for 7,. It does not seem however to be 
deducible that a reduction of 7, within these limits can obviate the discrepancy 
in the scattering of w-mesons, which would need a reduction by a factor 
~10 (see Fig. 3: the calculations were made using Born’s approximation). 
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A point which still need accurate investigation concerns the use of Born’s 
approximation, especially where it concerns the coherent part. For heavy 
nuclei Born’s approximation may not be valid. At the energies considered 
a large number of phases presumably take part. For very heavy nuclei many 
of these phases are presumably large and, especially at large angles where 
Born’s approximation has less validity, the comparison with a classic solution 
ean be significant, although it is still outside its limit of validity. 

The spin can increase the incoherent contribution especially at large angles. 
In the coherent contribution one can foresee a factor = [1 — Pf? sin? (0/2)]: 
so the formulae without spin already constitute an increase. 

A discussion on the contribution of virtual x-mesons is contained in the 
work of AMALDI et al. (8). Here the aim is only to make use of the closure 
approximation to obtain more general conclusions to be applied to heavy nuclei. 
Although the contribution of the neutrons is such as to make itself felt more 
in heavy nuclei than in light nuclei because of the increase of the ratio N/Z, 


(1) E. M. Lyman, A. O. Hanson and M. B. Scott: Phys. Rev., 84, 626 (1951). 
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the caleulated contribution is still very small, although this point needs hypo- 
theses, presumably not valid, on the nature of the meson field responsible 
for the interaction between the nucleons. 

As a final point there remains to be considered the contribution due to the 
anomalous magnetic moments. As regards the anomalous magnetic moments 
of the nucleons, in scattering experiments, this contribution is presumably 
still small. However, the contribution which can arise from the existence 
of an anomalous magnetic moment for the u-meson is not considered here. 


Particular considerations and details of calculation. 


A Dirac equation of second order is assumed to hold for the u-meson 


(4) [(E— eg} — ep? — moet + iehca E]y = 0. 


where E is the total energy, p the momentum, m, the mass, ep =V the po- 
tential, a the usual Dirac matrix and E the electric field; for the nucleons 
on the other hand a non-relativistic description is adopted. If in (4) the spin 
and the g? term are ignored, the usual non-relativistic equation 


[V2 + K?—(2m/h?)V] p= 0, 


is obtained, where however, instead of m, its relativistic expression m (1 — Da) 
is considered to be substituted. It is clear that the same result is reached if, 
instead of starting from (4), one starts from a relativistie Schrödinger equation. 
The formulae used from now on will differ from the corresponding non-rela- 
tivistic formulae only by the substitution of m,(1 — f?) 1? for the mass m. 

The cross-section relative to the scattering of the incident u-meson in do 
with excitation of the nucleus from its ground state to the state m is given, 
in Born’s approximation, by 


doy 27 2m 
ee de 
da h Sn) Po | Zom| 


a ff Zz 2 ; 
lakes c= Q pes, | TE. exp [i( K—K,)r] dr dR, Gao dR, . 


(2 is the normalisation volume, K,= p,/f the initial wave-vector, K= p/h 
the final wave-vector of the u-meson, r the position vector of the meson, R; the 
position vector of the i-th proton, o(Æ) the density of the final states, and Y are 
wave functions of the nucleus). The calculations are made in the laboratory 
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system which practically coincides with the center of mass system. The 
preceding formulae can also be written. 


dom  4¢2:H, pH. = Zi : 
(5) a = a = = | Aom R Am = rrav.ar ’ A = exp [ik "R;] ’ 


where q = #ik =hK —hK,. 

Let n=p—» be the diminution of momentum of the meson after col- 
lision. 7 is assumed small, which is equivalent to limiting this theory to high 
energies for the incident u-meson, and pH#/q* expanded in a power series in 7 


pE _ _E St nen | 
g* 16p% sin?(0/2) Eu 


_ (L— cos 6)[1 + c?po/E — ctpol Es] — | u: 
1— cos 0 Dei a asl 


The coefficient of the first order term is already small on its own account 
for energies H, of the incident meson sufficiently greater than its rest-energy, 
which is of the order of 107 MeV. In the following the zero order term of 
the previous expansion is substituted for pH#/q*. The second order term shows 
that the approximation no longer holds for 0 = 0. 

To the order of the approximation made it will be supposed that 
|k| = 2K, sin(6/2) always, and the sum will be extended over all the matrix 
elements to obtain the total cross-section (i.e. the limitation due to energy 
conservation will not be taken into account, which would require the sum 
to be terminated at a finite number of matrix-elements, since presumably 
the new terms thus introduced are very small) 


do let ES & 
= Aÿm Aom 
do — 4 ci ps sin‘ (0/2) > 


Da | | W*(1) A(1)A*(2)%(2) A(1) d(2) SY, (LP (2) = | WTA A* |W, dr. 


It must be noted at this point that the approximation made allows one 
to avoid hypotheses on the excited states of the nucleus. Now 


(6) 2 AA SY DIR (RR ZI Deo (BEER 


Be! i>k 
so that 


(1-bis) e + 7 = 7 | état dr = 


Z 
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having integrated over the coordinates of the neutrons and so substituted 
for Ya certain D,. 

The integral on the right hand side has the same form as the integral giving 
the mean value of a fictitious potential energy due to interactions 


Vii, k) = cosk-(R;— R;), 


between the pairs of nucleons. Therefore direct terms proportional to Z? 
and exchange terms proportional to Z are to be expected. The former cor- 
respond to the coherent scattering, the latter to the incoherent scattering. 

Tf one assumes for the nucleus an independent particle model with a wave 
function antisymmetrical with regard to all neutrons and protons, one has, 
as is well known, 


je22 Vi, k)®, dr = 


i>k 
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where y; are the individual wave functions of the single protons which are 
assumed of the form w,7; where y; is the spatial part, 7; the spin part. 
Then one obtains (Z, = %Z) 


[or aa Bar Z +45 ¥ (p*(Lp*(2)| V1, 2)|@.(De:(2)) — 


i=1k=] 


= (FEB) VA, 2))9.1)P:(2)) 
t=1 k=1 
The expressions 
Z+ Z+ 
Ar = > ml’ e = > p;(1)p4(2) » 
i=1 AE 


are now introduced where the sums are taken over all the first Z; wave 
functions of the central potential considered. Separating the coherent from 
the incoherent scattering with the criterion already explained the following 
expressions are obtained: 


4 2 
= Be a6) N. ik: RIAR | 
do) 1% sin! (0 


do le 2 || au) (2) cos k:(R; — R;) 
| \dohs | 4et ps ae (0/2) 


The coherent scattering depends on the wave function of the single protons 
only through the expression 


(1, 2)|? 


2h = 22mm), 
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which expresses the total density of the protons, and so is proportional to 
the Coulomb charge distribution in the nucleus. Therefore the coherent 
scattering is calculable only on the basis of hypotheses on the charge distri- 
bution. The curves given in figs. 1 and 3 refer to a uniform charge distribution. 

For the incoherent scattering the dependence on the single wave functions 
gy: is contained in 


o = Ÿ or(1)p.2). 


This expression has values appreciably different from zero only if the two 
arguments r, and r, are separated by a distance of the order of r, or less: 
on the other hand over regions of dimension 7, it will in general be legitimate 
to approximate the g,; with plane waves. 

In conclusion, while for the coherent scattering it is sufficient to make 
hypotheses on the form of the charge distribution, for the incoherent scattering 
a strong dependence on the particular choice of the y; is not to be expected. 

If the y; are now replaced with plane waves the function (1, 2) can be 
evaluated substituting integrals for the sums over states 


1 sin CR;; — CR 608 CR» Ga il al 
ee Sue Se ae el pas 7 ; 


Te) 
re TR, 4] 7% 
(e is the maximum wave number of the protons in the nucleus). 
It is now necessary to evaluate the integral 


(8) [[aa)ae) cosk-(R, — R,)o2(Rys) = far, far, cos k- Ris 0°(Rys) , 


where the substitution R,, = R,— R, has been made. 

The integral (8) is taken twice throughout the volume occupied by the 
nucleus. For large angles it is convenient to make use of the fact that the 
function o(R,,) tends rapidly to zero for Ri — ©, and thus to take the 
integration with respect to R, from 0 to co. In this way one is sure to make 
an error at small angles. In the interpretation used here it can be said that 
this approximation will be sufficiently correct only where V(i, k) represents 
a Short range potential; and this is true at large angles because of the oscil- 
latory nature of V(i, k) but it is not true at small angles. 

In this approximation the following expression for the integral (8) is 
obtained 


CV : . k 
(9) — — | &$ dx (sin æ — x cos x)? sin bz , b — — 
koe Q 
0 
V= volume of the nucleus. 
The integral 
(10) [as dx sin bæ (sin © — x cos x)?, 


0 


is a function of b identically zero for b > 2. 
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For 0<b<2 it is given by 


1 
(11) AR 3b? + 4b|, 


and this expression, and its first derivative are equal to zero for b — 2. 

Since the evaluation of (10) is not immediate it is perhaps instructive to 
give a brief reference to it so as to show the cause of its singular behaviour, 
especially in view of the clear physical interpretation of the result which will 
be shown in the following. The integral is written in the form f(x)+complex 
conjugate. 


(12) CAL = gs f{2(1 + x?hi exp [ibx] + i(~?— 1) exp [à(b + 2)x] + 
+ i(a?— 1) exp [i(b — 2)x] + 2x exp [i(b — 2)x] — 2x exp [1(b +2)2]}. 


This expression is meant to be extended over the complex plane. First 
suppose that b> 2 and consider the path of integration in Fig. 4. Since the 
integral over I’ at the limit (for p +0, R — co) is zero, the integral (10) 
becomes equal to the limit of the integral 


(7) fred. 


This integral is necessarily equal to iz x (coefficient of x”! in the Laurent 
expansion of f(x) about the origin), since the convergence of (10) guarantees 
that the coefficients of the other negative powers must be zero. It is imme- 
diately verified from (12) that this coefficient is zero, so that for b>2 the 
integral (10) is identically zero. The difference in behaviour in the case 
0 < b< 2 arises from the fact that now the integral over J’ no longer tends 
to zero. It is sufficient however to break up f(x) into the sum of two terms, 
œ(æ) comprising the positive exponentials, and y(x) comprising the negative 
exponentials; the former path of integration is used for the first term, for 
the second term the one shown below is used (Fig. 5). 


Fig. 4. Fig. 5. 


Since the integrals over J’ and J’, both go to zero (Jordan’s lemma) the 
integral (10) can be evaluated as the limit of the sum 


(Y ) [rt dz + (yı) [ve dz = in x (coefficient of x of gy) — 


— in x (coefficient of #1 of y) = expression (11). 
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The physical situation corresponding to this result is illustrated in Fig. 6. 
Firstly it is noted how in this nuclear model the only correlation between 
the nucleons is that imposed by the exclusion principle. Corresponding to 
a predeterminated momentum p, = hk which is given by the u-meson during 
the collision only those protons which have momenta in the zone of the Fermi 
sphere indicated by 1 can contribute to the incoherent scattering. This zone 
contains those momenta which, always being contained in the Fermi sphere, 


are however external to an identical sphere whose centre is displaced by — hk 
with respect to the centre of the Fermi sphere. The protons which are in 
this zone have, after the collision, a momentum certainly greater than p,,,.. 
The protons in the zone 2 of the Fermi sphere have, on the other hand, a 
momentum less than 7... after collision. Therefore the protons initially. si- 
tuated in zone 2 cannot contribute to the scattering because such a transition 
would be prohibited by the exclusion principle. All the protons will scatter 
as Z distinct scattering centres as soon as the momentum given up by the 
incident u-meson becomes greater than twice the maximum momentum they 
can have in the nucleus: only then indeed, as is evident from the figure, is 
the zone 1 identical with the whole Fermi sphere. This is in fact quite clear 
as soon as it is realised that the worst case possible is that of a proton with 
a momentum parallel to the recoil momentum p, which it receives, but in the 
opposite direction. So that even this transition be not forbidden by the 
exclusion principle it is necessary and sufficient that the recoil momentum p, 
given to the proton struck be at least twice the momentum p,,,.. This con- 
dition is exactly equivalent to the condition b> 2; in fact b>2 means that 
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k > 2c, i.e. 9, > 2Pmax- When this condition is satisfied all the single protons 
scatter as Z independent centres, and this is the physical content of the pre- 
ceding analytical result. 

Making use of expression (11), the following result is obtained for the dif- 
ferential cross-section for incoherent scattering: 


(2) Tee He 


dw 4 ct ps sin’ (0/2) ue 
with 
N 2 8 2 7) 
| »=2.1} | Be tor 0<6, 
(12) 2 [sin (a2)! "2 sin (6/2) 
| Ti =; DE à for i) = 6. 


where 6 is defined by the relation 
(13) 2 sin (0/2) = 2(92/4)13(Z/A)"3(K/79) - 


Some curves relative to the factor 7 have already been given in Fig. 1. 

It is to be noted that it can in fact be stated that for 0 > 06 the nucleus 
scatters exactly as Z separate protons. In fact for Z= N (13) gives 
2 sin (9/2) ~ 3,04(A/ro) while the maximum angle of coherent scattering, D, 
in a model with a uniform charge distribution is given by kR,= kr, Al? 4,49, 
ie. by the equation 2 sin (9.../2) = 4,49 A-V?(A/r,) and for the values of A 
considered one has effectively 6 > 0. 

The inequality 7 < Z-1 can be demonstrated in more general hypotheses. 
Starting from (7), consider the expression in square brackets which can be 
written in the form. | 


(15) 2-52 3 (y? (yt 2) exp [i-k(R, — R,)] | p,(1)y,(2)) — 

= 5 SS Cyr @) exp Im tk-(R,— RI| pv); 
that is 
(16) 2— > > \(vi exp [ik R]| yo)!" 


if the indices i and k and then the indices 1 and 2 are interchanged in the 
second sum in (15). This expression is certainly always less than Z, from 
which the preceding inequality is obtained remembering the definition (ME fe 

It is clear that the only hypothesis contained in the preceding result is 
the hypothesis that the description of the nucleus by means of an independent 
particle model is adequate; and its physical meaning in the case of a Fermi 
model has already been explained above. 
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For light nuclei sinple analytical expressions can be obtained, by the closure 
approximation, for the form factor of the incoherent scattering, making use 
of a shell model with oscillators. The case of C1? will be considered here as 
an example, although more complicated cases could also be calculated. The 
result will be compared with the result contained in the work of AMALDI et al., 
where, although essentially under the same hypotheses, the closure approxi- 
mation is not used. Thus the validity of the closure approximation will be 
verified. 

The excessive degeneracy of the levels of the oscillator does not in general 
allow a unique choice of the individual wave functions with which to construct 
the wave function of the nucleus in its ground state. With the object of 
partly avoiding this degeneracy a spin-orbit coupling is here supposed to be 
present, as in the model of JENSEN (1?) and MAYER (1%). It is well known 
that in this model a spin-orbit coupling is assumed, which depresses the energy 
levels of the states of larger total angular momenta among states having the 
same orbital angular momentum. The carbon © is thus described by a con- 
figuration of the type 


LAlsı2)?(1P372)*; (18172)?, (1ps/2)4] - 
In this notation, as is usual in nuclear spectroscopy and in contrast to the 
notation used in atomic spectroscopy, the number preceding the symbol of 


angular momentum, minus 1, gives directly the number of radial nodes. 
The individual wave functions are of the form 


; 1, 
(17) „Int i=t+;,m)= 


Ron) | + m +128 Cure, (Im + 1/2) 
Or CE TS AT 


By 


? 


(I~ m+ 1/2)" ms, CH m + 12)" 
(20 +1) ; P= (2b 1)? 


peers 


? 


according to whether, in the states considered, the spin is added to or sub- 
stracted from the orbital angular momentum /. The radial parts of the wave 
functions are given by expressions of the form (n here gives the number of 
radial nodes directly) 


Ril’) = Nag exp [— wir nV len 


3 


(?) O. Haxez, J. H. O. JENSEN and H. E. Suess: Zeits. f. Phys., 128, 295 (1950). 
(13) M. G. MAYER: Phys. Rev., 75, 1969 (1949). 
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where » = wm/h, 3 mo?r? is the potential, N,, is a normalising factor, and 
V,.(r) is an associated Laguerre polynomial 


1+1/ 
OT, 207). 


The calculation is made easier if the wave functions (17) are expressed 
in cartesian coordinates. The first six wave functions, which are the only 
ones of interest here, can thus be written in the form 


Yı = p(0, 0, 0x, 

y: = (0, 0, 0), 

Ys = — 2-7 p(0, 1, 0) + ip(1, 0, 0) Jee, 

ps = 3-17{2129(0, 0, 1)x — 2-1 p(0, 1, 0) + ipll, 0, 0) 18}, 
Ys = 3V{2V29(0, 0, 1)8 + 2-17[p(0, 1, 0) — ip(1, 0, 0) Ja}, 
Yo = 2"?[p(0, 1, 0) — ip(1, 0, 0)]6, 


where 
pm, , M; Ms) = Pn, (L) Pm, (Y )Pms(2) ’ 


Pm,(æ) being, apart from a normalising factor the product of an exponential 
exp [—%vx?] and a Hermite polynomial of order m,. The integrals appearing 
in (16) can thus be reduced to integrals 


(p(m,, May Ms) |exp [ikR] \otm, May ms)) >= (Pm, | exp [tka] |Pm;) DR On ? 


which can be evaluated immediately. The expression thus obtained for the 
form factor of the incoherent scattering 7, in the case of OC? is the following 


(18) I = (1/6) — e-"[(2/81)u? + (1/6)] w= Ylka)a = rt. 


For a the value here assumed is that chosen by AMALDI et al., a=2.04 10-1?” cm 
which arises from having defined the radius R, of the nucleus by means of the 
relation R} = R?, R? being the mean square radius of the charge distribution 
of the last proton. In Fig. 7 the curves (1) are taken from the work of AMALDI 
et al., where they were obtained with a shell model with oscillators, without 
however, a spin orbit coupling, and without using the closure approximation, 
but using the same hypotheses used in this work, and the same values of all 
the parameters and constant assumed here. The curves (2) refer to formula 
(18) which was obtained by closure approximation, with a shell model with 
oscillators and with spin-orbit coupling to avoid the degeneracy of levels. 
A slight difference between the two curves can be seen at large angles. This 
difference cannot arise from the closure approximation since it is known that 
the errors come at small angles with this approximation. It can be recognised 


1576 R. GATTO 


that the difference is essentially due to the different criterion used in filling 
the levels. The behaviour of curves (2), which at large angles seem to diverge 
very slightly from the limiting value Z71, which however is to be expected 
physically, is presumably to be related to the fact that in the work of AMALDI 
et al. all the levels corresponding to a certain energy are supposed to be uni- 
formly filled and then the cross-section is evaluated; instead of evaluating 


600 MeV _ 


first the cross-sections corresponding to the different ways of filling the levels 
and only then taking the mean cross-section. The first procedure, although 
quite reasonable in the work of AMALDI et al., would give appreciable errors 
when the closure approximation is used and so it has been found better here 
to assume a spin-orbit coupling to eliminate the degeneracy. The curves (3) 
were obtained using formula (12) furnished by the statistical model. The 
difference at small angles arises essentially from having taken the integral (8) 
from 0 to co and from the particular distribution of the momenta typical of 
a Fermi model. If account is taken of the fact that the curves 2 and 3 refer 
to two different nuclear models, and that a statistical model for a light nucleus 
like carbon has certainly little validity, and if one finally considers that at 
small angles very rigorous calculations are not necessary since at these angles 
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the incoherent contribution is negligible with respect to the coherent, the 
agreement must be considered as satisfactory. The curves 4 were obtained 
by stopping at the terms in k?. 


It is desirable to discuss here the contribution which the virtual z-mesons 
can make to the scattering. The problem has already been discussed by 
AMALDI et al. (8). However, using the closure approximation, always from 
the point of view of a phenomenological formulation of the problem, simple 
and general results can be obtained. From a theoretical point of view, the 
problem has been dealt with by ROSENBLÜTEH (14) and CORINALDESI (#). To 
take account of the contribution of the virtual z-mesons in a perturbation 
scheme means to consider the contribution of graphs in which the proton, 
passing into the neutron state, emits a virtual meson which absorbs the virtual 
photon, and is then reabsorbed by the neutron, and graphs in which the meson 
is emitted and reabsorbed before or after the scattering. The result obtained (11) 
has a simple physical interpretation and leads to a conception of the charge 
of the proton as being extended over a zone whose dimensions are of the order 
of the Compton wave-length of the z-meson, so that in distant collisions all 
the charge of the proton is effective, while in nearby collisions only a fraction 
of it is effective. If these considerations are applied to the protons in a nucleus, 
analogous considerations should be applied to the neutrons. A reverse situa- 
tion can be imagined for a neutron. That is, in the nearby collisions there 
acts only the actual charge zero of the bare neutron while in the distant col- 
lisions the charge carried by the meson cloud intervenes. Taking all together 
it can be expected that in a nucleus with an equal number of neutrons and 
protons the two effects, both for distant and nearby collisions, balance each 
other for the coherent scattering, and a different result can be due only to 
the presence of an excess of neutrons. The discussion of the incoherent con- 
tribution however, because of the absence of interference terms, gives rise in 
general to different results. It is clear that the validity of the preceding 
conclusions, just as for the conclusions of ROSENBLUTH, is correlated with the 
validity of a perturbation scheme for the treatment of the interaction between 
x-mesons and nucleons, a scheme which on the contrary has presumably little 
validity; the only thing that can be concluded is that the modifications ob- 
tained in this way for the cross-sections, even for nuclei with a strong isotopic 
excess, are so small as to let one think that a better formulation of the problem 
would not lead to any appreciable modification in the results. As in the work 
of AMALDI et al., we begin first by defining the following « Ansatz » concerning 
the charge density of a proton and a neutron: 0, — ter + (1—t)e, and 
On = (1— t)(or — 0,) where t is the fraction of time in which each nucleon 
is in its pure state of proton or neutron, gp the charge density relative to 
the pure state of proton, which for all the energies considered here of the incident 
u-meson can be considered to be represented by a 6-function, and go, the 
charge distribution relative to the virtual x-meson, which extends over a zone 
whose dimensions are of the order of the Compton wave-length of the meson. 


(4) M. N. ROSENBLÜTH: Phys. Rev., 79, 615 (1950). 
(5) E. CORINALDESI: Nuovo Oimento, 7, 61 (1951). 
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In the evaluation of the matrix element Ho, = 2-1 
ieee „ exp [tkr] > u,drdr, 


where u; is the Coulomb potential due to the i-th nucleon, the equation 
Au; =— 4ne?o, and the identity Aexp[ik:r] =—k’exp[ik-r] are used. 
Integrating by parts, the expression 


far exp [ik-r] > uw, 


becomes 


(4rre?| 2 [t+(1—t) F(k)] exp lik-R;] + D (1—1)[1— ¢(k)] exp [ik rl , 


= 
since integrals of the type 


| dr exp[ik-r]e,(i) 


give exp{ik-R;] because of the supposition that the charge distribution of 
the pure nucleon can be considered puntiform; while the integrals of the 
type 

|dr exp [ik-r]o,(i) 


can be written in the form exp[ik-R,|¥(k), where 


Le] 


F(k) = (4ox]k) |v dv sin kve,(0) 


0 


is a form factor depending on the momentum k given up by the meson during 
the collision, and which takes account exactly of the different apparent values 
of the charge of the nucleon according to whether one deals with nearby col- 
lisions (large values of k) or distant collision (small values of k). If one sup- 
poses for example that 0, is gaussian, #(k) will also be a gaussian (see AMALDI 
et al. (°)). 

We es here the interpretation of ROSENBLÜTH and SCHIFF choosing 
On = (æ/27x)v-? exp [— 200] to which corresponds 7 (k) = (2a/k) arctg (k/2x). 
If one puts D(k) = t + (1—#)¥(k) and gk) = (1—t[1—F(k)] it is easy 
to verify that the operator A which occurs in (5) must now be replaced by the 
operator 


k) © exp[ik-R,] + rk) À exp [ik-R,]. 


This corresponds to substituting for Z in (6) the expression D(k)?Z + q7(k)2N 
and for 


YY Vii, k), 


t>k 
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n (1-bis) the expression 


He YY cos k(R, — R,) + 91k)? I I cos k-(R, — R,) + 


i>k > 


N 
> cosk:(R;— R,). 


1r=1 


As it is seen, a part from the presence of the factors D(k) and g7(k) there 
are this time terms which correspond to the interaction of the neutrons among 
themselves and terms corresponding to the interaction between neutrons and 
protons. Calculating the mean value relative to all these interactions for the 
nucleus in its ground state and again using the rule of making the exchange 
contributions correspond to the incoherent scattering and the direct contri- 
butions correspond to the coherent scattering, the following expression is 
obtained for the incoherent form factor I 


Z-* |D(k)?Z + TUk)?N Dik)? > Ds ay* (1)Mw* (2) | V(L, 2)| pL) ye(2)) — 
= qu À Iren]. 


where y, are the wave functions of the single protons, and ‘yp; are the wave 
functions of the single neutrons; this expression can be put in the form 


2-+{ pay] 2—¥ À we | exp ik RY |.) | + 


i=1k=1 


i=1k=1 


+ a |N— 2 > | (ye | exp [ik-R]|®w.) de 


For the coherent contribution the following expression is obtained: 


ze | ae 


a p(k)? > 2 (mye (1 JP (2) | V( (152 )| My: 1) y,(2 )) aL 
Han? 2 (Pye ys 2) Du). 


An expression of the type 


(Py (Ly 2)| V(, 2) |p(1)yx(2)) 


; IMs 


102 - Il Nuovo Cimento. 
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| Î dRA® exp [ik-R] [= l[p]|?s 


provided that one puts 
Z 
> | Py, |? = 1% 
i=1 


and it is clear what is meant by [p]; similarly for the neutrons, substituting 
theindex n for p; the expression 


= Leon? mp (2) )|V( (1, 2) )| My (1 Jap, (2 )) 


gives in the same manner 14[p|[n]*+%[p]*{n]. Thus the complete express- 
ion for the coherent form factor € is given by 


Z {D(k) Mk) p][n]*+ Dik)azik) [pin] + Mlk)? In]? + 7zk)?|[p]|?} = 
= = k)[p] + 9e(k)[n]|? . 


The incoherent contribution is considered first (see also Fig. 8 relative 
to carbon). It is clear that at all angles this contribution*fis less than the 
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expression Z[D(k)? + «gt(k)?] with «= N/Z. A simple discussion shows 
that for a given « the expression D(k)? + &gz(k)? is less than 1 at all angles 
provided that {> («— 1)/(« +1) and the maximum value of the latter ex- 
pression for 1< &« < 1,5 is 0.2 for « — 1,5, a value which is too far from 1 
for the present theory to be applicable. It can therefore be concluded that 
at all angles, even in nuclei with a strong isotopic excess, there is a diminution 
in the incoherent scattering, if the contribution of the virtual mesons is added 
to the cross-section, and if this addition is made following a weak-coupling 
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theory. Passing now to the consideration of the coherent part, suppose for 
simplicity that the nucleons are distributed in the nucleus with constant den- 
sity. In this case the form factor of the coherent scattering @ is given by 
[p(k) + ar(k)&]’&, where we write ©, for the form factor which one would 
have without considering the contribution of the virtual mesons. This form 
factor can already be regarded to be zero, because of the finite dimensions 
of the nucleus, for kR, ~ 4,49 from which the minimum value of F(k), F min & 
=~ (0,45 AU?) arctg (2,24A-"%) can be obtained, from which, in its turn, it is 
easy to obtain the maximum value of (D + gtx), which for a nucleus like 
lead is ~ 1,01 for ¢ = 4/5, and increases almost up to 1,02 for t= 1/2. For 
a nucleus with less isotopic excess, such as iron, only 1.006 would be obtained 
for t= 4/5. It can be said in conclusion that although the result is in the 
right direction qualitatively, that is, that a large excess of neutrons can lead 
to an increase in the cross-section at large angles, which seems to be suggested 
by present experimental results, quantitatively one is dealing with contri- 
butions presumably very small, certainly smaller than other errors of eva- 
luation, for example errors due to the use of Born’s approximation. 
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stigate these questions, and Prof. BRUNO FERRETTI, for their constant interest 
and many stimulating discussions. 
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and Prof. MAURO PICONE, the Director, and Dr. W. Gross of the Istituto Nazio- 
nale per le Applicazioni del Calcolo for some difficult numerical computations 
concerning the integral (8). 


RIASSUNTO 


In relazione a recenti esperienze di scattering, che hanno condotto a sezioni d’urto 
inaspettatamente grandi, si esamina se una piü accurata valutazione dei contributi 
elettromagnetici alla sezione d’urto pud diminuire questa discrepanza. Viene in parti- 
colare considerato il contributo incoerente e discussa la dipendenza dal modello. Per 
caleolare il contributo incoerente si fa uso della approssimazione di completezza: si 
discute la validità di tale approssimazione ed in alcuni casi si confrontano i risultati 
cosi ottenuti con quelli ottenuti senza fare uso della approssimazione di completezza. 
Si puö concludere che il contributo incoerente non spiega le sezioni d’urto trovate. 
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On a Theorem in Non-Local Field Theories (*). 
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(ricevuto il 14 Settembre 1953) 


Summary. — The Peierls formalism, which defines the Poisson brackets 
in a covariant way, is applied to a non-local field theory. It is shown 
that the P.B.’s of the ingoing and outgoing fields, defined with the 
Yang-Feldman method, are equal to those of the free fields. 


1. — Introduction. 


The first solution to the problem of the quantization of fields with non-local 
interaction has been given by BLOCH (!) using an extension of the method 
developed by YANG and FELDMAN and by KALLEN (?) for local fields. The 
extension consists in postulating for the asimptotic parts of the fields at 
t= — co and t= + oo (ingoing and outgoing fields respectively) the commu- 
tation relations of the free fields. In the usual local theories the quantization 
of the field functions is made directly by giving the commutation rules at all 
points on an arbitrary space-like surface. This is possible because the so- 
lution of the field equations is unique for any arbitrary initial conditions on 
such a space-like surface. For non-local theories the initial values problem, 
that is the determination of which field quantities can be arbitrarily given at 
a given time so that the past and future development of the system be uni- 
quely determined, as only recently been investigated. 

PAULI (?) has shown that non-local fields also have an hamiltonian structure, 
in the sense that if one restricts oneself to the «normal class » of form factors, 


(*) This work was carried out during a stay at the E.T.H. in Zürich. 
(4) C. Brocu: Dan. Mat. Fys. Medd., 27, n. 8 (1952). 
(2) C. N. YANG and D. FELDMAN: Phys. Rev., 76, 972 (1952); G. KALLEN: Ark. f. 
Fys., 2, 371 (1951). 
(3) W. Pautt: Nuovo Cimento, 10, 648 (1953). 
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i.e. to those for which the initial value problem has a unique answer similarly 
as for free fields, it is possible to prove (at least for classical fields) the existence 
of canonical fields variables. 

In a paper which appeared at the same time CHRÉTIEN and PEIERLS (?) 
have shown that form factors with the properties of this normal class really 
exist. A program of canonical quantization then becomes possible at least 
in principle. 

The actual construction of canonical quantities, however, is closely con- 
nected with the initial value problem, the solution of which is only possible 
by power series. 

For quantized fields a general demonstration of the existence of canonical 
variables has not so far been given, although for a particular example cano- 
nical variables have been explicitly constructed to the first approximation in 
the coupling constant. 

The complexity of the canonical structure of these fields indicates that a 
method of approach, in which one makes direct use of the Lagrange function 
only, would be very useful. 

PEIERSLS (5) has developed a formalism with which it is possible to give 
a definition of the Poisson brackets starting from the action integral and without 
any reference to the canonical variables, and which gives the possibility of 
introducing the commutation and anticommutation rules in a covariant way. 
But even, if for classical fields the formalism is established in a general manner 
for hamiltonian and non-hamiltonian theories, it is not the same for the quantum 
case. With theories for which the canonical method may be used, one can 
show that it is possible to obtain the commutation rules for the field operators 
in all cases of practical interest, while in the case of functions of the field 
variables this is possible for a restricted class of Lagrange functions only. 
In this last case as well for non-hamiltonian theories one tests the consistency 
of the method by inspection. | 

One can see that, with a lagrangian density of the type proposed by KRI- 
STENSEN and MOoLLER (*), the method is applicable only by treating the field 
variables as commuting quantities. Ignoring in this paper the problem of 
the possible modification of the interaction in this lagrangian density, it seems 
to us worthwhile to give here the result of a (classical) calculation done in the 
frame of the Kristensen-Moller theory in order to obtain an indication of the 
characteristic properties of the Peierls formalism in connection with non-local 
theories. 


(4) M. C. CHRÉTIEN and R. E. PEIERIS: Nuovo Oimento, 10, 668 (1953). 
(6) R. E. PEIERLS: Proc. Roy. Soc., A 214, 143 (1952). 


(*) P. KRISTENSEN and C. MgLLER: Dan. Mat. Fys. Medd., 27, n. 7 (1952). 
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2, — Bloch’s Theorem. 


- To describe a system of nucleons interacting with scalar mesons we shall 
assume that the field equations can be derived from the following action 
principle: 
oe : i] dee! (Ya 7,09 + rap My) — 

— [ar 159,u-9 u — m? w) — 


“9 [|| ae’ ax" da" F(a’, a", "pla te pte") À 0, 


where F, the form factor, is a function depending on three different points 
of space-time and each dx stands for dx, dx, dx, dæ,. The interaction term 
vanishes for { > + co. The field equations are then: 


(7,0 + M) p(x’) + g [fax da” F(x’, a œ"}u(æ")p(æ") ==, 0, 


(2) ple") ( Yun ! M) 1 |! da’ da" Ba’, x", æ")p(&'}u(æ") 0 i 


(a as m?) u(x") ri g [| au dx" F(a’, Rit œ")p(æ')p(æ") — 0 


Introducing the retarded and advanced Green functions it is possible to replace 
the preceding system of differential equations by one of the two following 
systems of integral equations: 


a ret 
(a) = y*() Silo o [|] dx! da” da” F(a’, ap æ") S**"(a Ar æ'}u(æ")y(x") : 


adv 


(3) De) = P(x) + | [| da’ dx" dx" Fa’, a", a" (a!) ula") 8a" — a) , 


in ret 


w(x) == UT) Ca g {| fae’ dx" dx” F(«, Le x" ya’) A (a — æ")y(æ") x 


It is clear that the inhomogeneous terms (ingoing and outgoing fields) 
satisfy the free fields equations. From the properties of the Green functions 
it also follows that they represent asimptotically the true fields at t = — oo 
and t=-++ oo. The equations can be formally solved by iteration. 

If thus for example the ingoing fields are given, one can express the out- 
going fields as functions of the ingoing ones. The quantization method used 
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by BLocx is based on the assumption that the same commutation rules hold 
for the ingoing fields as for the free ones. It is then possible to derive from (3) 
the commutation rules for the true and for the outgoing fields. BLOCH has 
tested the consistency of the formalism by showing that the commutation rules 
for the outgoing fields are the same as for the ingoing ones. 

In what follows we shall show that, using the Peierls formalism, it is pos- 
sible to obtain without making a power series expansion the following result: 
The P.B.s of the ingoing and outgoing fields are the same and coincide with 
that of the free fields 


{u(y), u(x)} = A(y— x), WW PER =—SY— 2); 


£u(y), y(x)} = {y(y), va) = Pa = 0. 


3. — The Peierls formalism. 


If one modifies the lagrangian density by adding one of the terms: 


(1) Au(a") 6 (a — y) , 
(2) Ayp(a') 6 (a — y), 
(3) Ayla") (@"-- y) , 


where À is an infinitesimal parameter, and if one writes the solution of the 
new field equations to the first approximation in À in the form 


AAA, 1), 


(where A is any field function and B is uly), py), ply) in the three different 
cases), one obtains systems of the following type (case 1): 


(D— m?)Dumul®) — 
—J N da’ da” F(a’, x, ©" )[Dumpl@’) pe") +(x") ‘Duny(e")| = — 0) (4@— Y) , 
Yudı SF M) Dumy&) Sr 

+9 [| da’ de" F(a, 2", ©”) [Dumue') ya") + w(x"): Dunyp(a")| =, 


Dynp(&)(— Nob + M) + 
+9 [fax da" F(a’, ee æ) [Daunp(a) u U(x À) Ar y(n’) Dumul® "|= = 0. 


» 
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Requiring that D,A +0 for t—>— oo, the system has a unique solution 
called the retarded solution. The same condition for the time t= + co 
gives the advanced solution represented by the symbol 4,4. 

For the case 1 these solutions are: 


Dunule) = Aa — y) — 


—g [Tax dz” da” F(a’, x", x") Art (2— 2") [Dun p(a'):y(2") a 
Sr p(x ‘Ne Duy ya’ De 


Duy p(%) = 
(4) = (ji Uae da" do” F(a’, ©", 2") S*(a— 2’) [Dyu(a") pe”) + 
+ U2") Duyy(e”)] , 
Dany) = 


— g N da’ da” de” F(z’, x", ae [Ducnp(x')u- (x) SL 


yp (©) Dumu(@")] 8° (2"— x) ; 


and, with simplified notations: 


Tue) = A — y) — 9 | A(o)F A (a — [App + Fly, 


Tunyle) = 9 | Aa) FS" a) [Tu y + u-Cy» ; 


Lunp(æ) = g [ AoEay-u +y OAK rey Sa" — x) k 
The basie definition of the formalism is then: 


One verifies that all the properties defining the P.B.s are satisfied, among 
others the following: 


(6) {AB, C} = {4, C}B + A{B, C}. 
One can also show that the reciprocity relationship holds. 


(7) DATE. 
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It is now easy, using (3), (4) and (4), to obtain the following relations 


Dumu”(®) Sa A{(x — y) ’ Dany” (2) = Duy (®) =0, 


Tune) = A(e—y)—g | Ua) FA@— 2") [App + P'Œy lu 
uy P(e) = g | Ao) FSe— a) (Cup + uCyjuy s 
Tun") =— 9 | UR)FITP + P-Cu uw So"— 2). 
To obtain the corresponding expressions for the case of the outgoing fields 
one has just to interchange D with 7 and the retarded with the advanced 


functions. It will now no longer be necessary to speak about outgoing fields. 
Using (5), one gets after some calculation the following P.B.s: 


fury), wa} = Aly —a) + 9 [AGP Ae— a") [App + Ethan + 
+ 9 [ Aa) F Ay — a") {yy, wy, 
gy | {utah vey} =—9 faaP Se — a) [Cary + dy + 
+g [ame ay — 2") (ye, vo) » 
(u(y), grad} = 9 | AEA Pw + POSE" — 2) + 


+ | aw) Pay — 2") (py, 9") 


Starting from the action principle, modified by adding Ap or Ay, it is 
possible to obtain in the same way four other groups of relations: 


D- ,„v®) — — Sg — y) 4 s| d(x) F'S™*(” — x’) (Du-y + UDP low ; 


D pla) = 9 | A(a)ELDp-u + put, Se" — 2) 


u(x) 


DR Ol el 


ply), Wo} = Su — y) —g | Aw) PS — a) (Cup +u Lys, » 
(ly), Pro} = 9 | AFL pu + PAu], Se" — 2), 


{ply), w™(x)} = g | ale) FA(a—2')(dy-y +p dvb 
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and 
D pl) = — S*(y — x) 4 g | at) BL Dy-u + D Duly Se (eo — 40) 
D vi) =g | Ala) FS a— a) [Dury + a Dipl + 
Du) = — 9 | Al) FAR — à") Dp y + Dy)o, 

(10) 


{y(y), p"(æ)} = — S(y — a) + g [at Idyp-u + P* TU) i — 2), 
(yy), pe} = — g | Ale) PSC 2") [Cu-y + w- The, 


Wo) W"@)} = o[ d(x) FA(e— 2") [App + pv, : 


One can now calculate explicitly all the P.B.s for the ingoing fields. It 
will be sufficient to show that the result is the same as for the corresponding 
free fields in the case of a particular P.B. For instance one has 


(11) {u”(y), w(@)} = {u(y), u(u)} = A(y — «). 


Thus rewriting the first equation of (8) and using (6) and (7), one has: 


{ur (y), Ne mes à 2)[D_.u(y)-p(2)+ PC) Dyauly)]+ 
+ gf a) FA — 1) CG) fy), w™@)} + FD), w™(@)} pL) 


Remembering the third equation of (9) and of (10), the second term be- 
comes: 


— 9: |] IAE) PR)FA)Ae—2) Amy 1) (LDP) pH) + BL) Du) v2)+ 
+ 92) [DPA vi) + BA) Dylan} 


From the last equation of (9) and of (10) and by again applying the reci- 
procity relationship, the third term becomes: 


9: || ama@yrayr2)At@— 2) Ay —1) {HL) [D.,p(1)-y2) + #2) -Dyap)l+ 


+ 123,70) v2) + PE): DyyPA)]yQ)} - 
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Because y and y are supposed to be commuting quantities (11) then fol- 
lows immediately. 


The author is glad to acknowledge his indebtness to Prof. W. PAULI for 


stimulating his interest in this argument. 
Thanks are due to the Collegio Ghislieri of Pavia for financial support. 


RIASSUNTO 


Viene applicato a una teoria di campi a interazione non locale il formalismo di 
Peierls, che definisce le parentesi di Poisson in modo covariante, per mostrare che 
queste per i campi incidenti ed emergenti (definiti secondo il metodo di Yang-Feldman) 
sono uguali a quelle dei campi liberi. 
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Action de la basse température sur les émulsions nucléaires. 


M. DEBEAUYAIS- WACK 


Laboratoire de Physique Nucléaire de la Faculté des Sciences Appliquées 
Université Libre de Bruxelles 


(ricevuto il 5 Ottobre 1953) 


Resume. — On étudie le comportement des émulsions nucléaires aux 
basses températures (— 85° et — 180°). Il est possible de développer et 
d’observer des plaques qui ont été maintenues pendant plusieurs se- 
maines à ces basses températures à condition de couler l’émulsion sur 
un support de celluloid. Avec un développement poussé aux maximum 
les C, ne laissent apparaître aucune trace de particules « à — 180° et 
des traces d’« discontinues à — 85°. Dans les G;, les traces de particules « 
sont enregistrées et se présentent en grains séparés à — 180° et sous forme 
de traces continues à — 85°. Les électrons de 0,5 MeV environ sont en- 
registrés à — 85°. La technique de l’exposition à basse température peut 
servir a discriminer les traces, à diminuer la diffusion des gaz tels que 
le Radon et enfin, à ralentir les actions chimiques des échantillons mis 
en contact avec le plaques nucléaires. 


Introduction. 


Nous avons étudié le comportement des émulsions photographiques nu- 
cléaires Ilford C, et G; aux températures de — 85° et — 180°. 

L’emploi des basses températures a déjà été suggéré comme obturateurs 
thermiques (1) et comme méthode de discrimination (?). 

Dans cette étude, notre but était d’une part, de trouver des conditions 
évitant l'effet chimique de certains métaux et composés organiques sur l’émul- 
sion et, d’autre part, de doser le Ra par la méthode photographique. La diffi- 


() M. Cosyns, C. C. DILworTH et G. P. $. OccHIALını: Bulletin du Centre de Phys. 
Nucl. de VU.L.B., note n. 6 (1949). 

(2) C. C. Dizworrx, G. P. S. OccHIALINI et L. VERMAESEN: Bulletin du Centre de 
Phys. Nucl. de VU.L.B., note n. 13a (1950). 
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culté de ce dosage provient de la perte de Ra par diffusion (**); la basse tempé- 
rature a permis d’éviter cette diffusion (note en cours). 


Résistance mécanique. 


Les plaques d’une centaine de u. d’épaisseur subissent lors d’un refroidis- 
sement à très basse température une tension entre le verre et l’&mulsion qui 
fait craqueler et décoller cette dernière et la rend ainsi inobservable (photos). 

Après différents essais, nous avons réussi à éviter ce décollement en coulant 
Vémulsion «in gel form » sur un support de celluloid d'environ 1 mm d’épais- 
seur au lieu du support de verre habituel. Pour l'exposition à basse tempé- 
rature, les plaques ainsi obtenues sont introduites dans un tube de verre qui 
plonge dans le mélange réfrigérant. Celui-ci est constitué par de l’air liquide 
pour obtenir — 180° et par un mélange d’acétone et de glace carbonique pour 
— 85°, La température est mesurée à l’aide d’un thermocouple. 


Action de la basse température sur l’image latente formée à temperature or- 
dinaire. 


Des plaques exposées à une source dx à temperature ordinaire et ensuite 
maintenues 24 heures à — 180° ne montrent, après développement, aucune 
différence avec les plaques témoins conservées à température ordinaire. 

L'image latente formée à température ordinaire ne subit donc aucun effa- 
cement visibile à basse température, comme on pouvait s’y attendre. 


Action de la basse température sur l'enregistrement des traces. 


L'aspect des traces formées à basse température dépend de la nature de 
l’émulsion et du développement. 

Dans ces expériences, nous avons utilisé des plaques ©, et G, d’une cen- 
taine de u. d'épaisseur. Elles ont toutes été développées dans les mêmes con- 
ditions avec un révélateur à l’amidol par la méthode à 2 températures (2) (*). 
Les « sont obtenus par un dépôt de gouttes d’une solution de 2-10-% g Ra/em* 


(3) SCHNEIDER et MATITSCH: Sitzungsber. der oesterr. Akad. d. Wiss. Mathem. naturw. 
Klasse, Abt. Ila, 161, 4. bis 6. H. (1952). 

(4) L. VIGNERON, R. CHASTEL, J. Genin: Comptes Rendus, 236, 2053 (1953). 

(*) Imprégnation du révélateur a 4° pendant 90 min. Stade chaud a sec: 26° 
pendant 60 min. Le révélateur contenait 18 g de sulfite de Na, 5¢ d’amidol et 2 ¢ 
de KBr par litre d’eau. 
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à pH neutre et d’un volume d’environ 2-10-? cm?. Après un séchage rapide 
d’une heure, les plaques ont été exposées à basse température pendant un 
temps variant de 1 jour à plusieurs semaines. 5 
Dans une deuxième expérience, nous avons imprégné des plaques G, au SO,Li, 
et les avons exposées à une source de neutrons constituée par 0,5 g de Ra-Be 
entouré de 10 em de Pb et d’un mètre d’H,0. Les thermos contenant les plaques 
et les mélanges réfrigérants étaient immergés dans l’eau à 10 em de la source. 
L'exposition a duré 4 heures. A chaque essai, on a exposé une plaque témoin 
à température ordinaire. Les résultats ont été groupés dans le tableau qui suit 
(voir photos). 


Température Co G, 
| e 
| 
180 | Traces « épaisses voile Ra traces « épaisses 
de grains normal Li très fort voile de grains, traces «,— 


H? continues 


— 85° | Trajectoires « visibles en Ra « continus; 8 de 0,5 MeV vi- 
| grains séparés, voile de Sibles; voile de grains normal 
grains normal Li fort voile de grains; bonne di- 
| serimination «, H?; « continus, 
| H? en grains séparés 
— 180° | Pas de traces visibles Ra © sous forme de grains séparés, 
fort pourcentage de perte; f pas 
visibles. | 


Li «et H° en grains séparés, forte 
proportion de désintégrations 
| du Li perdue. 


Ra représente les expériences effectuées avec les gouttes de Ra, Li se rapporte 
aux expériences Li(n «)H}. 


Suppression du voile du aux effets chimiques. 


La conservation à basse température est un moyen efficace de diminuer 
le voile dû à certains agents chimiques. Il est bien connu par exemple que 
le contact de certains métaux réduit AgBr en Ag métallique. L’action de l’AI, 
métal très réducteur est particulièrement violente. Il est impossible d’observer 
une plaque ayant été maintenue en contact avec l’Al à température ordinaire. 
Nous avons conservé une émulsion C, en contact avec une plaque d’Al polie 


x 


pendant 9 jours & — 85°. Alors que la plaque témoin correspondante, con- 
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Da Casa? 


Fig. 1. 
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servée à 4° est completemente opaque, la plaque conservée à basse tempé- 
rature est parfaitement observable et ne montre aucun voile anormal . 


Conclusions. 


Il est possible de conserver en excellent état pendant plusieurs semaines 
des émulsions nucléaires de 50 à 200 u coulées sur un support de celluloid à 
la température de lair liquide. A — 180°, les emulsions C, sont insensibles 
aux « quel que soit le développement, les G, enregistrent très faiblement les «. 
A — 850, les émulsions C, enregistrent les « sous forme de trajectoire en grains 
séparés, les émulsions G, avec un développement poussé enregistrent les « en 
trajectoires continues et les 6 d’environ 0,5 MeV. 

A — 85°, le voile dû à l’action réductrice des métaux tels que l’Al est sup- 
primée. 


Ce travail a été effectué au Centre de Physique Nucléaire de l’Université 
Libre de Bruxelles sous la direction du Dr. E. PIccIoTTo. 

Je remercie le Professeur P. BAupoux de Vhospitalité qui m’a été accordée 
dans son laboratoire. 

Je remercie tous les membres du Laboratoire et spécialement le Professeur 
OCCHIALINI de leur collaboration et de leurs conseils. 

Je suis très reconnaissante à l'Office des Relations Culturelles Franco-belges 
de la bourse qui m’a été octroyée pour mon séjour en Belgique. 


RIASSUNTO (*) 


Si studia il comportamento delle emulsioni nucleari alle basse temperature (— 85° 
€ — 180°). E possibile sviluppare e osservare delle lastre mantenute durante più set- 
timane a queste basse temperature a condizione di colare l’emulsione su un supporto 
di celluloide. Con sviluppo spinto al massimo le C, non mostrano alcuna traceia di 
particelle « a — 180° e tracce d’« discontinue a — 85°. Nelle G, le tracce di particelle « 
restano registrate e si presentano in granuli separati a — 180° e a — 85° sotto forma 
di tracce continue. Gh elettroni di circa 0,5 MeV risultano registrati a — 85°. La tecnica 
dell’esposizione a bassa temperatura puö servire a discriminare le tracce, a diminuire 
la diffusione dei gas come il Radon e, finalmente, a rallentare le azioni chimiche dei 
campioni messi a contatto con le lastre nucleari. 


(*) Traduzione a cura della Redazione. 


= 
u 


* „LBTTERE ALLA. REDAZIONE Ar 
(La responsabilita scientifica degli scritti inseriti in questa rubrica & completamente lasciata : E 
dalla Direzione del periodico ai singoli autori) 


» 


Br 


Dirac’s Eleetrodynamies and Einstein’s Unified Field Theory. 


G. STEPHENSON 


Department of Physics, University College - London 


(ricevuto il 1° Ottobre 1953) 


The Einstein unified field theory (!) is based on the sixty-four equations 


O9mn 
2 Im ge 


— ImsTin — Ion! mk = 0, (m, n, k=1,2,3,4) 
which determine the components of the non-symmetric affine connection. It seems 
almost certain that these equations are the appropriate generalization of the sym- 
metric set Grin, = 0 of the General Theory of Relativity, since, apart from the 
reasons of Hermitian symmetry discussed by EINSTEIN, HLAVATŸ (?) has shown 
that the (+ —) covariant differentiation is necessary if there are to exist solutions 
in the 7’ field in which the symmetric and skew-symmetric parts of Gmn are inde- r 
pendent. ; 3 

Splitting (1) into symmetric and skew-symmetric parts and permuting the indices 
cyclically, we find the implicit solutions 


8 5 SR 
(2) Tan = À eg a U Be À Fal Bd ae 
and 
. . 1 sk sk 
(3) Tran — 2 9H mn + GH rarlie à ; 


. OP mn OF mn OP nx 
where F,„ has been written for 9,n> and Himn = Aa + se ne 


Vv 
vertical bar denotes covariant differentiation with respect to the symmetric con- 


The 


nection I’, Pell : his the Christoffel bracket formed from the symmetric g,,,- i 
=e mm — oar 


All indices are raised and lowered by the mn. 


’ (@) A. Erystern: The Meaning of Relativity (London, 1950), Appendix 2. 
(2) V. HLAVATÉ: J. Rational Mech. Anal., 2, 1 (1953). 
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We now modify the Einstein theory by requiring that the six-vector F,,, (which 
is associated with the six-vector of the electromagnetic field) shall be derivable 
from a four-potential A,, (say). A necessary condition for this requirement is 
expressed by 


(4) Jeb i = 0, 


which is one set of Maxwell’s equations. 
Apart from equations (1) which determine the 7 field, the additional restriction 
In (= T$,,) = 0 is imposed in the Einstein theory. In place of this condition, we 
V 


now impose the relation 
(5) TI" = constant, 


and identify I, with the four-potential A,,. Contracting (3) and raising indices, 
we find 


(6) GE sx — Am À 


which forms a second set of elecfromagnetic equations with a charge-current density 
expressed in terms of the four-potential. 
Soiving (2) and (3) and neglecting cubes and higher powers of F,,,, we find 


8 f 5 | sk tw 
@) Pin À mn f+ PGE Erste + Encl) 
= mn J 
and 
D) JP > JŸE mn ? (since En — 0) 
V 


where | denotes covariant differentiation with respect to the Christoffel bracket 


8 
| N. To the same approximation, (6) becomes 
mm 


(9) His = Am, 


These equations are the Riemannian curved space (metric tensor gm») generalization 
of the special relativistic electromagnetic equations recently proposed by Drrac (?) 
in his non-gauge invariant theory of electrons, whilst (5) corresponds to his gauge 
destroying condition 4,4" = constant. The remaining field equations of the 
Einstein theory (which include the equations for the gravitational field) are expressed 
in terms of the Hermitian curvature tensor R,,, which may be calculated using (7) 
and (8). 

It is the purpose of this note to show that by imposing different conditions in 
the Einstein unified theory different electromagnetic theories result. In particular 
we find that condition (5) allows the formulation of the generalization of the Dirac 
eletrrodynamics (equations (6)). In the weak field approximation, the theory is 
equivalent to the intuitive formulation of the Dirac theory in a Riemannian space, 
as shown by equations (9). 


() P. A. M. Dirac: Proc. Roy. Soc., A 209, 291 (1951). 
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(ricevuto il 2 Ottobre 1953) 


ScuwaArz (1) showed that the ordinary concept of function can be generalized 
by means of the linear functionals. Thus the use of symbolic functions such as the 
Dirac 6 function and its derivatives can be avoided. We have applied recently (2%) 
both linear and non linear functionals to the quantum mechanics, in order to obtain 
a statistical generalization of the quantal formalism. In our treatment of the 
quantum mechanics by means of functionals, the wave function Y(t; x) is replaced 
by a functional y[t; p*(x)], y*(x) being of the same nature as the complex conju- 
gate of the wave function % for a fixed value t, of the time. The linear functionals 
alt; y*(x)] 


() alt; v*] = i W(t; x)p*(x) dx 


describe the same pure states as the kernel functions W(t; «). The quadratic func- 
tionals y,[t; y*] 


(2) AAC fut Hy, Xo) p(x) p* (xq) dx, dx, 
describe the same mixtures as the von Neumann density matrices <x, | R(t) |x,) 
(3) <&, | R(t) | x2> = (wu; x, x) P*(t; x, x2) dx. 


We have shown in reference 4 that all the von Neumann density matrices can be 
obtained from quadratic functionals y,[¢; y*] by the application of the rule (3). The 
yformalism offers some essentially new possibilities of statistical generalization of 
the quantum mechanics. We have discussed in reference 4 the important func- 


() L. Scuwarz: Théorie des distributions (Paris, 1950, 1951). 

() M. SCHÖNBERG: Nuovo Cimento, 10, 350 (1953). 

(2) M. SCHÖNBERG: Nuovo Cimento, 10, 697 (1953). 

(4) M. SCHÖNBERG: A statistical generalization of the quantum mechanics I, in Nuovo Cimento 
(in print). 
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tional A[p*, W(t; x)] 

(4) Al, SORE) exp {| Wt; sy ds | ; 

which leads to an interesting generalization of the pure states of the ordinary 
quantal formalism. The relations between the y-formalism and the second quan- 


tization of the Schrödinger equation were discussed in reference 4. The equation 
of evolution of the functionals yl[t; y*] 


- dx, (H= hamiltonian operator), 
op*(x) 


(5) ins xl; w*] -| y*(a)H 
dt 
has the same form as the Schrödinger equation of the quantized W-field with Bose 
statistics, in the representation in which the creation operators are diagonal, the 
creation operators being the complex conjugates of the quantized wave function, 
as usual. 
The Liouville equation of the classical wave field described by Ÿ is 


= JED) 


as ced 3 OF OF 
(6) in TC; v*, y] [| BE öy*lz)  dy(x) jee. 


In the particular case of a functional Ft; y*], equation (6) goes over into (5). 
Thus the y-formalism is closely related to the classical theory of the constants of 
motion of the Y-field. The equation (5) expresses simply that y[t; y*] is a constant 
of the motion of the classical ¥-field. 

The method used to generalize the ordinary formalism of the quantum me- 
chanies can be extended to other classical field theories which admit a variational 
principle. Let us denote by ®,(x) the variables which describe such a field, I7,(x) 
the corresponding conjugate momenta and 7£[®, IT] the hamiltonian of the field. 
The equation for the constants of motion of the @-field (Liouville equation) is 


d 0H OF DAC 
m an Dre GIL{x) 0 EIL(x) on | de. 


In the general case of non linear field equations it is not possible to obtain from 
equation (7), which corresponds to (6), an equation corresponding to (5). In the 
particular case of linear field equations, the hamiltonian 7 is quadratie or bilinear 
in the ©, and IZ,. This special structure of Z allows us to get from (7) an 
equation corresponding to (5), at least in the cases ordinarily considered. Let us 
examine as an example the field described by a real scalar © satisfying the Klein- 
Gerdon equation 
1 8:8 


(8) Nr 


The conjugate momentum of ® is (1/c?)(6@/ot) and the hamiltonian of the field is 


9) I RL ee 
4,040: Vax. 
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We shall introduce the new field variables ® and ®* defined by the equations 


1 ER ag tee eae 
(10) De (D Dr), I AK? SANDE) 2 
Va at AP ge 


The ®*(x) will be considered as the new field coordinates, the corresponding conju- 
gate momenta being the gg = — (ie)VK? — AD(x). By taking into account 
that VK?— A is a hermitian operator, we get 


(11) Ca ic | Hare A®*(x) dx . 


The Liouville equation is now 


Sea cal RON iN Er OF — | 
(12) une as Teer À O*( x) (dx. 


We get the analogue of (5) by taking the Liouville equation for constants of 


the motion which do not depend on the momenta 


il Re, 
1 pie fs * 4 * SY NE ee 
(13) ig ut © (x)] fo (x)VK2 — A Se) dx 


In the present case the y-formalism is also related to the theory of the quantized 
@-field. The quantization of the @-field can be performed by replacing ®*(x) and 
@(x) by operators satisfying the commutation rules 


(14) [®,,(x); ®,,(x')] a [Dx (x), DX (x')] = 0 
[Ba (x), VK? — A ®,,(x') |= a heo(x FE x’). 


In the representation in which the DX (x) are diagonal, we can take 


—— ö 
(15) VEr— AD) = he a: 


Hence the Schrédinger equation for the wave functional Alt; D*] becomes 
d he (ln — 62 
(16) ir, OÙ: OY] = Kalt; 9] = = VK? — A D*(x) paint 


he { O 
ae | _° _ VE? A O*(x) Q} ax, 


2, 


ee) 
(17) i = Alt; D*] = e | raw: Art 


€ Ô eee 
se ~ (VE A @*(x)} dx. 
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In the derivation of (16) we used the hamiltonian Z,, of the quantized &-field 
(18) Hy = De A @* (x) VK’— A ®,,(x) + VK?— A ®,,(x) VE? — A Ox(x)} de 


It is remarkable that the Planck constant cancel out from the Schrödinger equation of 
the quantized ®-field in the D*-representation. The Schrodinger equation (17) differs 
only from the equation of evolution (13) of the functional y[t; D*] by the term arising 
from the infinite zero-point energy of the quantized D-field, i.e. the second term in the 
right hand side of (17) 

Let us introduce the Fourier integral expansion of ©(x) 


(19) D(x) = Em) fat) exp [tk-x] dk. 
We have 
(20) VK? A @(x) = em | a k) exp [ik-x)dk, ky =Vk? + KR: 


(21) FH -| ja*(k) |2k2 dk, a — 5 | Este 4 a,,(k)a.,(k)} k2dk. 


The conjugate momentum of a*(k) is —(ik,/e)a(k). The constants of the motion 
may be regarded as functionals FTt; a*, a] of a*(k) and a(k). Hence the Liouville 
equation becomes 


AF! Loa fe, Oe ae ee 
(22) ze | {ao a*(k) = jack) [ 


The constants of the motion which depend only on the function a*(k) satisfy the 
equation 


d ö 
(23) i= alt a*(k)] = e [ar u ko dk. 


In the representation in which the a. (k) are diagonal we can take a,,(k) = 
= (fe/k,)(6/da*(k)) and the Schrédinger equation of the quantized ®-field becomes 


a 2 ce _ ( da*(k) 
2 ie * i be 
(24) Er Alt; a*] fa (k) Jar) ko dk +5 [er k,dk. 


The mixtures of states of the quantized @-field are described by density ma- 
trices whose matrix elements are functionals <a’* | %(t)|a”) of two functions a’*(k) 
and a’(k). <a'*|Q|\(t)|a’> satisfies the von Neumann equation for the quantized 


Mr LE 3 
ei + LES 
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@-field 


(25) > an = éa’| a(t) |a") = 


= FH la'*]a'*| Rit) |a"> — {Aula *Ka’* | RE) la D} = 


ö Ô 
= re | ok ko { a'*(k) SET a'(k) 5a” (k) <a'*| Ra"). 


The diagonal matrix elements <a'*| R(t)|a’') satisfy the Liouville equation (22) of the 
classical D-field. 

The analogue of the functional A[y*, 7] defined by (4) in the case of the @-field 
is Afa*(k), (ko/%e)A(k)] which describes the state of the quantized @-field cor- — 
responding to the eigenvalues A(k) of the a,,(k). It is interesting to notice that 
the Planck constant which appears in A[a*, (k/hc) A] is necessary to render dimen- 


sionless the exponent (fc) ih Alk)a*(k)k,dk. Without the introduction of a con- 


stant with the dimension of an action, we are restiicted to the consideration of 
very special types of functionals in the y-formalism of the @-field. 
A more detailed treatment of the y-formalism will appear later in this journal, 
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In the present note (1) we want to suggest a new form of a non-local field 
theory, which starts from the S-matrix formalism deduced by means of a per- 
turbation theory (Dirac-Feynman-Dyson) based on the choice of a hamiltonian 
and the use of the interaction representation. 

From the requirements of complementarity follows that if one wants to describe 
the exact validity of conservation laws of momenta in a collision process, one is 
compelled to represent the initial and final states of particles as eigen-states of 
momenta (plane-waves) and therefore one is induced to adopt the S-matrix for- 
malism. The description of propagation in space and time in this case is limited 
to the assumption of approximate validity of the laws of propagation of free particles 
outside the domain of interaction (in analogy to the methods of the R-matrix used 
by WIGNER and EISENBUD to describe the nuclear reactions). 

Let us consider the example of a collision of a neutral pion and a proton, and 
a local hamiltonian density: 


g 
H'= igypty,y — à es pts ,0,P 


(here: 4 = 1, c= 1, y, ® are normalized representatives of the states of free particles). 
In the well known integrals appearing in the calculation of terms of the S-matrix 
we shall decompose the integrand in a sum of products of representatives of states 
with positive and negative energies and we shall make the calculations in the mo- 
mentum space. 

Let us examine a term of the S-matrix corresponding to a given Feynman dia- 
gram of n vertices and containing in the initial state one incident proton and one 
incident pion (two «ingoing » external lines) and a given number of nucleons and 
mesons created in final states (« outgoing » external lines). In the momentum space 


(*) In recent years many researches were made on the non-local field theories. The present 
work is closely connected to the early attempt of the author; Zeits., f. Phys., 88, 92 (1934). 
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this term of the S-matrix will contain the absorption and the creation operators 
and spinors or polarization-vectors corresponding to the ingoing and outgoing lines. 
There will be also a set of operators for the vertices and of propagation factors for 
the internal lines. 

In order to introduce in this formalism the rules of a non-local field theory we 
must begin with the definition of the relativistic cut-off operators. Let: 


if 11 
P= D Pp p= 0, 1,273 


be the total energy momentum vector of the incident particles (proton and pion) 
and let: 


P,Pe = P?— P?— P}— P2? = m>0. 


We introduce the unit-vector velocity u, = (1/m,)P,, and we associate to every 
normalized eigen-state of momentum p, of an external line an invariant cut-off 
operator G and an operator @? to any internal line. According to the require- 
ments of relativity, this operator G could depend on the following invariants: 


Ip T = p'p, , m2 = PrP, 
(p, — P,)(p” — Pr) = J + m} — 2m) , etc. 


We shall discuss here a very simple example of an operator depending explicitly 
only on the invariants J and J. Let: a? =12— J. This invariant becomes in the 
center of mass system (O-system, uw) = 1, wu, = 0 = uy, Us) : 


a® = pi + pi + Pe 


We define G as follows: 


3[sin (al) — al cos (al)] 


(1) G (aly? 


’ 


where I is a universal length. This choice corresponds in the O-system to the 
Fourier transform of the function 6(a)f(a,r23), where f has a constant non zero 
value inside a spherical domain in the S, space of relative coordinates (#,%%3), 
and vanishes outside this domain. (Here x, can be defined as (unobservable) differences 
between the particle’s coordinates and the center of mass coordinates). For large 
values of a, G2 behaves as: cos? (al)/(al)*. 
One has: 
limG=1. 


a—>0 


The new prescriptions added to the rules of the calculation of the S-matrix 
can now be formulated as follows: in every term corresponding to the Feynman ~ 
graph considered above we introduce the G-operator (1) in every external line and the 
G? operator in every internal line. In all cases the 4-vector u, is defined by the total 
momentum and energy of the ingoing particles in the considered collision process, 
or also by the momentum and energy of the outgoing particles (because of the con- 
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servation laws). For the inverse process one obtains the same cut-off operators. 
In this way all the divergent integrals are made convergent. The hermitian pro- 
perty of the hamiltonian is conserved. In order to be sure to preserve the unitary 
character of the S-matrix, one should start from the hermitian matrix K, which 
is connected with the S-matrix by the relation: 8 = (1 —iK)/(1+ i) and apply 
the above cut-off operator in the calculation of the K-matrix (?). 

Obviously the described method of relativistic cut-off can easily be formulated 
in all cases of collisions and constitutes a general theory of collisions and of non 
local interactions. In this theory the G? operators have the significance of sta- 
tistical weight-factors. These factors must be taken into account in order to 
evaluate the probabilities of different alternative (« channels ») we encounter in a 
collision process. One has to consider in general cases the interactions of the given 
set of incident particles with all kind of fields and one must introduce also non 
linear hamiltonians containing any number of creation operators. Since the number 
of coupling constants is presumably small, such more general hamiltonians must 
derive from a non linear type of interactions in accord with the ideas of Born and 
HEISENBERG. 

In the problem of the multiple production of mesons (as observed in «jets ») 
the present theory permits to apply a statistical treatment similar to the one sug- 
gested by Fermi and by the author, and to obtain meson spectra in accord with the 
theory of Heisenberg and the available experimental data. 

The G operators defined above can be easily introduced also in the Tamm- 
Dancoff formalism, if one makes the calculations in the C-system (since in this case 
the @ operators depend only on the space components of p,). 

Markov and Yukawa suggested to consider non local fields depending on a 
new set of operators called «internal coordinates» 7, of a particle (besides the 
usual space-time and spin and isotopic spin coordinates (e.g. 7, = 7, —#? where 
x are the center of mass coordinates of the particle). In the case of a Dirac 
particle 7, could represent the unobservable « Zitterbewegung » and could depend 
on the operators y’. It seems noteworthy that, from the covariance requirement, 
the representative of a pseudo-scalar meson field can depend only on the invariant 
s = (n,n?)/2. The canonically conjugated operator is the mass operator (p,p”)"/?. 
In the case a Dirac particle the analogous operators are y’y, and y’py: 

The problem of the mass quantization seems to us independent from the question 
of non local interactions considered above. Let us consider the family of x-mesons. 
In order to give an example of a possible solution of the problem let us assume that 
the representatives are sum of products @(x,)p(s/l) and postulate that for the 
invariant ¢(s/l) an eigenvalue problem arises, described e.g. by the equation: 


where ¢ = s/l and u = ml. This equation represents a kind of Zitterbewegung. 
One obtains a mass spectrum: m = (2n + 1)1/l. Similar solution (but different in 
many respects) bas been suggested by YUKAWA (). 

A detailed account of the suggested method will be published elsewhere. 


(?) I am grateful to dr. S. Fusini for calling my attention on this point. 
(5) Yukawa: Phys. Rev., 91, 415 (1953). 


LIBRI RICEVUTI E RECENSIONI 


OTTO GRAF - Die wichtigsten Bau- 
stoffe des Hoch- u. Tiefbaus. 16° 
Seiten 131 + vu mit 63 Abbildun- 
gen Berlin 1953. 


L’Autore, ingegnere e professore ordi- 
nario all’Universitä di Stoccarda, ha rac- 
colto in un succinto manualetto le prin- 
cipali informazioni sui materiali di cor- 
rente impiego nelle costruzioni, desumen- 
dole dalle proprie pubblicazioni Hand- 
buch der Werksioffprüfung e Die Bau- 
stoffe. 

In dodici brevi capitoletti vengono 
passati in rapida rassegna il legno, le 
pietre naturali, i leganti idraulici, i cal- 
cestruzzi e le malte sia di calce che ce- 
mentizie, i materiali minori (gesso, ma- 
gnesia, pozzolana, ecc.), i materiali per 


coperture, i materiali metallici ferrosi © 
quelli non ferrosi, il vetro, l’asfalto ed i 
prodotti sintetici per tinte, colle e simili. 
In ogni capitolo sono richiamate le 
norme DIN per l’accettazione dei mate- 
riali, e sono date indicazioni sui limiti 
d’impiego nonché accenni alle caratteri- 
stiche di resistenza meccanica, agli agenti 
atmosferici fisici e chimici nelle diverse 
condizioni d’uso. 

Per i principali materiali — legno, 
calcestruzzo, pietre, ferro — sono ripor- 
tati grafici e tabelle relativamente alle 
più importanti qualita meccaniche. 

Il manualetto & completato da un 
breve indice alfabetico delle voci, oltre 
all’indice sistematico. 
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